Chapter 1: INTRODUCTION

1.1 Newton’s second law can be expressed as
F=ma (1)

where F is the net force acting on the body, m mass of the body, and a the acceleration
of the body in the direction of the net force. Use Eq. (1) to determine the governing
equation of a free-falling body. Consider only the forces due to gravity and the air
resistance, which is assumed to be proportional to the square of the velocity of the
falling body.

Solution: From the free-body-diagram shown in Fig.P1.1 it follows that

d
m?j:Fq_de Fg =mg, Fd:cvg
where v is the downward velocity (m/s) of the body, Fy is the downward force (N or
kg m/s?) due to gravity, Fy is the upward drag force, m is the mass (kg) of the body,
g the acceleration (m/s?) due to gravity, and c is the proportionality constant (drag
coefficient, kg/s). The equation of motion is
dv 2

E—f—av =g, a=

(&
m

F,=cv

F,=mg

g

l.

Fig. P1.1

1.2 Consider steady-state heat transfer through a cylindrical bar of nonuniform cross sec-

tion. The bar is subject to a known temperature Ty (°C) at the left end and exposed,
both on the surface and at the right end, to a medium (such as cooling fluid or air)
at temperature To. Assume that temperature is uniform at any section of the bar,
T = T(x), and neglect thermal expansion of the bar (that is, assume rigid). Use the
principle of conservation of energy (which requires that the rate of change (increase)
of internal energy is equal to the sum of heat gained by conduction, convection, and
internal heat generation) to a typical element of the bar (see Fig. P1.2) to derive the
governing equations of the problem.
Solution: If q denotes the heat flux (heat flow per unit area, W/m?), then [Ag], is
the net heat flow into the volume element at x, [Ag]z+as is the net heat flow out
of the volume element at = + Az. If h denotes the film conductance [W/(m?.°C)],
BPAx(Teo —T) is the heat flow through the surface of the rod into the body, where T
is the temperature of the surrounding medium and P is the perimeter (m). Suppose
that there is a heat source within the rod generating energy at a rate of g (W/m?).
Then the energy balance gives

[Aqle — [Aqlatne + BP Ax(Too = T) + gAAz =0 (1)
or, dividing throughout by Ax,

_ [Adlovas — [Ag]a

s +B8P(Te —T)+ Ag=0
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and taking the limit Az — 0, we obtain

— % (Aq) + BP(Toe ~T) + Ag =0 (2)
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Fig. P1.2

1.3 The Euler-Bernoulli hypothesis concerning the kinematics of bending deformation of
a beam assumes that straight lines perpendicular to the beam axis before deformation
remain (1) straight, (2) perpendicular to the tangent line to the beam axis, and (3)
inextensible during deformation. These assumptions lead to the following displacement
field:

dv
’M1($,y) = 7y%7 U2 = v(az), uz =0, (1)
where (u1,us2,u3) are the displacements of a point (z,y, z) along the z,y, and z coor-
dinates, respectively, and v is the vertical displacement of the beam at point (z,0,0).
Suppose that the beam is subjected to a distributed transverse load g(z). Determine

the governing equation by summing the forces and moments on an element of the beam
(see Fig. P1.3). Note that the sign conventions for the moment and shear force are

based on the definitions
V:/OzydA, M:/yamdA,
A A

and may not agree with the sign conventions used in some mechanics of materials books.

Solution: Summation of the forces in the transverse direction on the element of the
beam gives

(V4+AV) =V 4+ q(z)Az = 0.
Dividing throughout with Az and taking the limit Az — 0 gives

dv
iy =0 2
7y Ta4=0 (2)

Taking the moment of forces about the right end of the element, we obtain
> M.=0: —VAz— M+ (M+AM)+qAz-alz =0,

where « is a number 0 < a < 1. Again, dividing throughout with Az and taking the

limit Az — 0 gives
dM
w0 ®)
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Fig. P1.3

Note that V' and M denote the shear force and bending moment on the entire cross
section, and they have the meaning

M(:E):/Aamy dA, V(m):%.

Here A denotes the area of cross section. The stress resultants (V, M) can be related to
the deflection v. Using the linear elastic constitutive relation for an isotropic material

d*v
Gas = Be (;,dx)

Substituting into the definition of M, we obtain

d*v d*v
() /AU yd A(%ﬁ)yd Ia? (4)
where I is the moment of inertia about the axis of bending (z—axis). Then
d d*v
=2 (Br&Y).
v dz ( da:2> (5)

Equations (2)-(5) can be combined to obtain the following fourth-order equation for v:

di; (EI%) = q(x). (6)

1.4

A cylindrical storage tank of diameter D contains a liquid column height h(z,t). Liquid
is supplied to the tank at a rate of ¢; (m*®/day) and drained at a rate of o (m®/day).
Assume that the fluid is incompressible (that is, constant mass density p) and use the
principle of conservation of mass to obtain a differential equation governing h(z,t).

Solution: The conservation of mass requires

time rate of change in mass = mass inflow - mass outflow.
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The above statement for the problem at hand becomes

d - d(AR)
7 (PAR) = pai —pao v ——

= qi — qo,

where A is the area of cross section of the tank (A = wD?/4) and p is the mass density
of the liquid.

1.5

(Surface tension). Forces develop at the interface between two immiscible liquids,
causing the interface to behave as if it were a membrane stretched over the fluid mass.
Molecules in the interior of the fluid mass are surrounded by molecules that are at-
tracted to each other, whereas molecules along the surface (that is, inside the imaginary
membrane) are subjected a net force toward the interior. This force imbalance creates a
tensile force in the membrane and is called surface tension (measured per unit length).
Let the difference between the pressure inside the drop and the external pressure be
p and the surface tension ts. Determine the relation between p and ts for a spherical
drop of radius R.

Solution: Consider the free-body-diagram of of a half drop of liquid, as shown in Fig.
P1.5. The force due to p is p(wR?), whereas the force in the surface is ts(27R). The
force balance requires

2t
i

p(rR®) =t,(27R) = p=

Fig. P1.5
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2.1 Find the equation of a line (or a set of lines) passing through the terminal point of a
vector A and in the direction of vector B.
r=A+pé;=A+aB
B
Line parallel
to vector B
C=/p¢,
O
Fig. P2.1
Solution: Let C be a vector along the line passing through the terminal point of vector
A and parallel to vector B. Let r be the position vector to an arbitrary point on the
line parallel to vector B and passing through the terminal point of vector A. Then the
desired equation of the line is (see Fig. P2.1)
R R B
r=A+C=A+pjés, eB:ﬁ’
where (8 is a real number.
2.2 Obtain the equation of a plane perpendicular to a vector A and passing through the

terminal point of vector B, without using any coordinate system.

Fig. P2.2

Solution: Let O be the origin and B the terminal point of vector B. Draw a directed
line segment from O to Q, such that OQ is parallel to vector A and point Q is in the
plane, as shown in Fig. P2.2. Then OQ is equal to A, where « is a scalar. Let P be
an arbitrary point on the line BQ. If the position vector of the point P is r, then the
vector connecting points B and P is

BP =r — B.
Because BP is perpendicular to OQ = aA, we must have

BP-OQ=0 = (r—B)-A=0,



SOLUTIONS MANUAL

which is the required equation of the plane.

2.3

Find the equation of a plane connecting the terminal points of vectors A, B, and C.
Assume that all three vectors are referred to a common origin.

Solution: Let r denote the position vector. The vectors connecting the terminal points
of vectors A, B, C, and r should be in the plane. Thus, for example, the scalar triple
product of the vectors B— A, C — A, and r — A should be zero in order that they are
co-planar, as shown in Fig. P2.3:

(C — A) X (B — A) . (I‘ — A) =0 [01‘ eijk(C,' — Al)(BJ — AJ)(mk — Ak) = 0]

For example, if A = &, B = é2, and C = é3, then the equation of the plane is
—rz—y—z+1=0orz+y+z=1.

Fig. P2.3

24

Let A and B denote two points in space, and let these points be represented by two
vectors A and B with a common origin O, as shown in Fig. P2.4. Show that the
straight line through points A and B can be represented by the vector equation

r—A)x(B—-A)=0.
Solution: Here we use the fact that when two vectors are parallel their vector product

is zero. Because the vectors r — A and B — A are parallel, their vector product should
be zero, giving the required result.

Fig. P2.4

2.5

Prove with the help of vectors that the diagonals of a parallelogram bisect each other.

Solution: Consider the parallelogram formed by points O, A, C, and B, as shown in
Fig. P2.5. Let us denote the line segment connecting O to A as vector A, O to B as
vector B, O to C as vector C, and B to A as vector D. Suppose that vectors C and
D intersect and cross at distances a C and fD. Then we have the following relations
among the four vectors:

A=aC+(1-B)D; A=8D+(l-a)C (1)
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B=aC-3D; B=(1-a)C—(1-8)D (2)

From each pair of equations, we obtain the same result, namely, « = 8 = 0.5, implying
that vectors C and D bisect each other.

A=pD+1-a)C . 17DC

BA=D
0oC=C

A=aC+(1-5)D

Fig. P2.5

2.6 Show that the position vector r that divides a line PQ in the ratio k : [ is given by

where A and B are the vectors that designate points P and Q, respectively.

Solution: Let R denote the point on line PQ where the position vector divides it in the
ratio k : [, as shown in Fig. P2.6, and let & denote the unit vector along the line. Then
we have the relations

A+kée=r, B=r+le.

To eliminate é from the equations, we multiply the first one with [ and the second one
with k£ and add the result to obtain

. R l k
IA+kle+kB=({+kr+lké or r_k—HA-i-mB,

which is the desired result.
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2.7 Represent a tetrahedron by the three non-coplanar vectors A, B, and C, as shown in

Fig. P2.7. Show that the vectorial sum of the areas of the tetrahedron sides is zero.

Solution: Recall the fact that the cross product A x B vectorially represents the area of
the parallelogram formed by the two vectors, which is half the area of the face formed
by vectors A and B of the tetrahedron. Thus, we can write the vector sum of the areas
of the four faces (with normal coming out of each face) as

AxB+BxC+CxA+(C-A)x(B-A),

which is zero because terms cancel out.

oe
[
@

B-A
C-A

A

Fig. P2.7

2.8

Deduce that the vector equation for a sphere with its center located at point A and
with a radius R is given by

(r—A)-(r—A) = R,
where A is the vector connecting the origin to point A and r is the position vector.

Solution: The required result follows from the fact that r — A is the radius vector,
whose magnitude is R, as shown in Fig. P2.8.

v

!h _— Arbitrary point on the
‘.’ surface of the sphere
Y%

A

(0]

Fig. P2.8

2.9

Verify that the following identity holds (without using index notation):
(A-B)’+ (A xB) (A xB)=|A]”|B],
where A and B are arbitrary vectors. Hint: Use Egs. (2.2.21) and (2.2.25).
Solution: Let C = A x B, and consider the expression
(AxB)-(AxB)=C-(AxB)=A -(BxCQC), (1)
where we used the identity in Eq. (2.2.21). Then using Eq. (2.2.25), we can write
BxC=Bx(AxB)=(B-B)A—-(B-A)B. (2)



CHAPTER 2: VECTORS AND TENSORS 9

Hence, we have
A-(BxC)=A-[(B-B)A—(B-A)B| = [APB]’ — (A B,

from which the desired identity follows.

2.10

If A, B, and C are noncoplanar vectors (that is, A, B, and C are linearly independent),
determine if the following set of vectors is linearly independent:

ri=A-3B+2C, r=2A-5B+3C, r;s=A —5B+4C.

Solution: Write the linear relation among the three vectors,
ary +fra+~r3 =0,
which gives
(a+28+7)A - (Ba+56+5y)B+ (2a+35+47y)C =0.

Because A, B, and C are linearly independent and yet the linear relation must hold
implies that the coefficients of the three vectors should be identically zero, giving the
following three relations among the real numbers «, 3, and ~:

a+2B8+v=0, 3a+58+5y, 2a+38+4y=0,

whose solution is

o = _577 B = 2’77
and +y is arbitrary. Hence, the set is linearly dependent. In fact, we can write —5r; +
2ro +r3 = 0.

2.11

Determine whether the following set of vectors is linearly independent:
A=26 —é+é3, B=—-é—é3, C=—& +é.
Here &; are orthonormal unit base vectors in R°.
Solution: Set the linear combination of the vectors to zero
aA + B +~+C =0,
which gives (if a vector is zero then all its components are zero)
20 —y=0, —a—p+v=0, a—F=0,

whose solution is v = 2a = 23. Therefore, the linear relation is not trivial. The vectors
are linearly dependent. In fact, we can write vector C as

C-— —% (A+B).
Note that the vectors

A =2¢é; — é; + é3, B:ég—é3, C=—-e+6é

are linearly independent.

2.12

Let the vectors (i,j, lA{) constitute an orthonormal basis. In terms of this basis, define
a cogredient basis by

e =—-i—j, 92:i+2jf2f(, 63:2i+j+f{.

Determine
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(a) the dual or reciprocal (contragredient) basis (e',e?,e®) in terms of the orthonormal
basis (i, j, k) ,

(b) the magnitudes (or norms) |ei], |ez]|, |es], |e'],

|€?|, and |e®|, and

(c) the cogredient components A1, Az, and A3 of a vector A if its contragredient components
are given by A' =1,42 =2, A% = 3.

Solution: (a) Note that

e1><62:2i—2j—f<, e2><e3:4§—5j—3f<7 63X61:§—j—f(7 [elegeg]:l.
Then . . A o . o
el =4i-5j-3k, e?=i—-j—k, e¥=2i—-2j—k.

(b) The magnitudes of the base vectors are

|el|:\/§v ‘e2|:37 |e3|:\/év |el|:5\/§a |e2‘:\/§7 |e3|:3'

(c) We have A = Ale; + A%es + A%e; = e1 + 2es + 3es. We obtain

A1 =(e1+2e2+3e3)-e1=2—-2x3—-3x3=-13
AQ:(el—|—2e2—|—3e3)~e2:—3—|—2><9+3><2:21
A3:(e1—|—2e2—|—3e3)-e3:—3—|—2><2—|—3><6:19.

2.13 Using the Gram—Schmidt orthonormalization process, construct the orthonormal sets
associated with the following sets of vectors:

(a) e :i1-i-i37 (D) :i1+2i2+2i3, €3 :2i1 —i2+i3.
(b) e :2i1+i2, es = i1 72i2+i3, e3 = —2i; +is +i3.
where (i1, i2, i3) is a an orthonormal Cartesian basis.

Solution: (a) Set
6 = 2 1 (11 + 13)

e T V2

Then & is constructed as follows:

’ ~ ~ N N N 3 < N 1 N N N
32292_(91'92)31:11+212+213_5<11+13> 25(—11+412+13).

o= 2= L (Chiab i)
Folerl Tavz\ T
Similarly,
/ A ~ ~ ~
€3 = e3 — (91 ’63)91 — (62 '63)62
=2k — b+ — o () + g (i 4k + )
=2 —l+l3—o (Lt 13 1 2+ 13
1/, = R
:§(211+i2—2i3),
and ,
~ e 1 ? A A
e3:|e—z|:§(211+127213).
(b) Set

1 .
o — € _ 1 (o A
e 1] NG ( 17 + 12)

Then é5 is constructed as follows:

~ ~ N " N A~ 1 N " N
eé:eg—(el-eg)el:11—212+13—0 = 82:%(11—212—{-13).
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Finally,
6,3 = e3 — (é1 . e3)é1 — (ég . 63)é2
N N N 3 N N 1 N N <
=20 +i>+1i3+ 5 (211 +12) +§ (11 —212+13)
= 2 (i + 20+ 5iy)
- 10 1 2 3 )
and , )
~ €es3 ( 2 A A
€3 = T = = —l1+212+513).
les] V30

2.14 Prove the following vector identity using index notation:

Ax(BxC)=(A-C)B- (A -B)C.

Solution: We begin with the left side of the equality and arrive at the right side:
A x (B x C) = A;&; x (&ejreB;jCx) = AiBjCrejreepicep
= (5]'1,5}”' — 5ji6kp)AiBjCkép = AiBjCiéj — A;B;Créy
=(A-C)B- (A -B)C.

2.15 Prove the following vector identity using index notation:

(A-B)’+ (A xB)-(AxB)=|A’|B]>.

Solution: We begin with

(A X B) . (A X B) = (Asze”kék) . (AmBnemnpép)
= A;BjAmBneijremnk = AiBjAmBn(8imdin — 0indjm)
= A;A; BjBj — A;B; A;B; = (A-A)(B-B)— (A-B)(A-B),

from which the desired identity follows.

2.16 Use index notation and the e-d identity to rewrite the vector expression as a sum (or
difference) of two vector expressions:

(VxA)xB
where A and B are vector functions.

Solution: We have

(V x A) x B = ;0 e, x (Bye,)

axi
0A; _ . 0A; .
= 5ijk5kpq87;Bpeq = (0ipdjq — diqdjp) T;Bpeq
_04; . 0A; .
= 5, Bié— 5/ Béi =B VA - VA B,

2.17 Simplify the vector expression V - (%), where p = |[x — y| and y is a fixed point,
and x is the position vector of a point in a 3D space. Express the final result in terms
of p only.

Solution: We have
(EEYY C a9 )i — i) (2 — )2
V(oY) el {x yll— we —)] )

p
=& el — o) @i — )] )
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& ey (<5l — ) s — w)) /2 i — y3) (s — )]
{
=3 —éj'{X7y($j —Z/j)} = % - {7(%7%)(1’1'—%)} :%

p p? P

2.18

Using index notation prove the following identities among vectors A, B, C, and D:

(a) (AxB)-(BxC)x(CxA)=(A-(BxCQC))>*
(b) (AxB)x(CxD)=[A-(CxD)B—[B-(CxD]JA.

Solution: (a) We have (A xB)- (B x C) x (C x A)

= (esjuAiBjér) - [(erst BrCsét) X (€mnpCrmAnép)]

= €ijkerstCmnpAi BjBrCsCnm Aneipgdng

= (0it0jp — 0ipdjt) erstemnpAi B BrCsCr Ay,

= (ersi€mnj — €rsj€mni) Ai Bj BrCsCm Ay
=BxC-A)(CxA-B)—(BxC-B)(CxA-A)
=(BxC-A)(CxA-B)=(BxC-A)

Note that Bx C- A=A xB-C.

(b) We have

(A x B) x (C x D) = (ejxAiBjér) X (emnpCrmDnép)

= €ijkkpqmnpAi BjCrm Dnéq

emnp (SipS1a — G1a6:0) Ai B;Con Dy

= rniAiB;Con Dn&; — €mn; AiB;Con D
—(CxD-A)B-(CxD-B)A.

2.19

Prove that
A-DA-EA-F
[ABC|[DEF]=|B-DB-E B F|,
C-DC-EC-F
and from there show that
61'7' (Sis 5it
€ijk Erst = 5jr 5js 5jt

5kr 5ks 5kt

Solution: Recall the two properties of determinants: (1) det ([S][T]) = det [S]- det [T
and (2) det [S]T= det [S]. Therefore, we have

A1 Ay Az Dy, E1 Fy
[ABC|DEF] = || Bi B2 Bz | | D2 Ez F;
C1 CQ C3 D3 E3 FB

A1D1+ A2Ds + A3D3 A1E1 + AsEs + AsEs A1Fy + AsFs + AsE3
= |Bi1D1+ B2D2 + B3D3 B1E1 + BaEs> + BsEs B1Fi + BoFs + B3F3s
C1D1 4 C2D2 + C3D3 ChEy 4+ CoEs + C3E3 C1Fy + CoF> 4 C3F3
A-DA-EA-F

- |B-DB-EB-F|. (1)
C-DC-EC-F

The second identity follows from Eq. (1) when we take A =D = &, B=E = é,, and
C=F=es.
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2.20 Establish the following identities :

di1 di2 0i3 dip Oiq Oir
(a) eijk =051 052 Ojs |- (b)  eijkepqr = | 6jp Gjq Gjr
Ok1 Ok2 Ok3 Okp Okq Okr
(C) €ijk Cijk = 6. (d) €ijkCmnk = 5im5jn - 6in5jm-

Solution:

(a) Let &; = 0ip€p, & = 0jq€q, and &, = 0xr&,. Then the determinant form of the
triple scalar product &; - €; X € is

51’1 5'22 513
€ijk = é¢ . éj X ék = (Sjl (Sjg 5]‘3 . (1)
Ok1 Ok2 Ok3

(b) This was already established in the previous problem; we show it independently of
Problem 2.19. Again, recall the two properties of determinants: (1) det ([S][T]) = det
[S]- det [T] and (2) det [S]T= det [S]. Therefore, we begin with Eq. (1):

0;1 Oi2 0i3 Op1 0q1 Or1
€ijkCpgr = 5]'1 51'2 51'3 5p2 5q2 Or2

61@1 61@2 5kd 6;73 6q3 5r3
0;10p1 + 0i20p2 + 0i30p3 031041 + 0:20g2 + 9i3dg3 051071 + di20r2 + di30r3
= | 0j10p1 + 6;20p2 + 0536p3 0510q1 + 052042 + 05363 9j10r1 + 520r2 + J530r3
0r10p1 + Ok20p2 + 0x30p3 Or10q1 + Ork20g2 + 0k3043 Ox10r1 + Ok26r2 + Ok30r3
6im6mp 67,m6mq 6zm5mr 57lp 6iq 6ir
= | 0jmOmp GjmOmq GjmOmr | = | djp jq Ojr |, (2)
(skm(smp 5km6mq 5km5mr 5kp 6kq 6}61"

where we have used the identity of the form

6i10p1 + 0i20p2 + 0i30p3 = dimOmp = Jip, etc.

(c) Using the e-d identity we can write

€ijk Cijk = 6jj5kk — 5jk6jk =9-3=6.

(d) From Part (b), we have
€ijkCmnk = 6]771 6jn 6]
Okm Okn Okk
= Oim (0n0kk — Oknljk) — Ojm (Sindkk — Oknlik) + Okm (Gindjk — 0jndik)

2.21

Consider two rectangular Cartesian coordinate systems that are translated and rotated
with respect to each other. The transformation between the two coordinate systems is
given by

X =c+ Lx,

where c is a constant vector and L = [/;;] is the matrix of direction cosines

Il
o

i €j.
Deduce that the following orthogonality conditions hold:
L-L'=1



14

SOLUTIONS MANUAL

That is, L is an orthogonal matrix.
Solution: We have
& =108, &, ="Lnnen.
Then
éi = éji éj = Zji éjp ép.

Taking dot product with €; on both sides, we obtain

6ik = éji ijépk = éji fjk or (Sij = f}m ek]’ (renamed ] as k and k as ]) or L- LT =1

2.22

Determine the transformation matrix relating the orthonormal basis vectors (€1, &z, &3)
and (&],85,85), when &, are given by

(a) &) is along the vector & — &z + &3 and & is perpendicular to the plane 2z + 32 +
xr3 — 5=0.

(b) & is along the line segment connecting point (1,—1,3) to (2,—2,4) and & =
(—&1 + & + 283)//6.

Solution: (a) Let €; be the unit base vectors in the current orthogonal system, and &;
be the unit base vectors in the new coordinate system. The vector €} has the same
direction as the vector € — @2 + €3 but its magnitude must be unity

N € —éx+é3 1
€1

=TT A= € —é2+ é3).
|&1 — &2 + és)| \/3(1 2+ &)

The vector &5 is along the normal to the plane 2z1 + 322 + 23 — 5 = 0. Hence, &, = 1,
the unit normal to the plane, which is given by

N V(2z1 + 3z2 + 3 — 5) _ 261 + 3é2 + é3

€y =

|V (221 + 32 + 25 — 5)] (22 +(3)> + (1)?

1 R N .
= ﬁ(Qel + 3eés + 93).

The third basis vector in an orthonormal system is related to the other two vectors by

e éo é3
VAUV B U S
GB=€ X =13 T3 B
2 3 1
V14 14 V14

() s) (e )
_ \/%(74(31 + &5+ 563).

Thus, the two coordinate systems are related by (note the matrix of direction cosines)

N 1 =1 1 A~
gl _ Y% % v N
e,2 T Vg VE Vs €2
é -4 L 5 é
3 Va2 Va2 Va2 3
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(b) We have

., vector connecting point (1

,—1,3) to point(2, —2,4)

€ = :
vector magnitude
o (2é1 — 2e9 +4é3) — (él — &2 + 3é3) o 1 . N N
N magnitude B \/g(el €2+ &)
N 1

€3 = %(*él + &2 + 2é3)

e €y é3
NG NG NG -1 1 2
V3 V3 V3
=é ( L + 2 ) é
"\VIs VIS
1 . .
:7(61#—93).

V2

(given)

oo

(7)o ()

Transformation matrix relating (&, 8&5,85) to (&1, &2, é3) is given by

1 1
V3 V3
[L] = S
i
T V6 V6

(aij = & - &;)

She o

15

2.23 The angles between the barred and unbarred coordinate lines are given by

&1 & &3
€1 60° 30° 90°
& 150° 60° 90°
&3 90° 90° 0°

Determine the direction cosines of the transformation.

Solution: Follows from the definition

2.24 The angles between the barred and unbarred coordinate lines are given by

T T2 €3
Z1 45° 90° 45°
Z2 60° 45° 120°
Z3 120° 45° 60°

Determine the transformation matrix.

Solution: Follows from the definition

1
Y
L=|3% &%
H=12 3
2 V2

o
[SIE NI

2.25 Write the following sets of equations in matrix form [A[{X} = {Y}:

(a) 2z1+ 2 — 223 =1,
T1 — 2292 + 3 = 5,

31+ x2 — x3 = 4.

(b) 2x1 +x2 —x3 =0,
3:61 — X3 = 27

1 +x2 + 23 = 1.
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Solution: The matrix representation of the linear equations is

2 1-27 (= 1 2 1-1] (= 0
(@) [1-2 1|[aab=L5% () |3 0-1[{ap=12
3 1-1] (s 4 11 1] |as 1

2.26 Determine the cofactors and the determinants of the coefficient matrices in Problem
2.25.

Solution: (a) First we compute the adjoints, as shown below.

-2 1 1 1 1 -2
AH: 1.1 :1, A12:‘371 :—4, A13:'3 1’:7,
1 -2 2 -2 2 1
An=1y 4=t A”:’371 =4 AQS:‘:& 1‘__1’
1 -2 2 -2 2 1
The determinant is given by (expansion by first row)
|A] = (—1)1+1a11A11 + (—1)1+2a12A12 + (—1)1+3a13A13
=2x1—-1x(—-4)+(-2)x7=-8.
Using the first column, we obtain the same result
|A| = (—1)1+1a11A11 + (—1)1+2021A21 + (—1)1+3a31A31
=2x1—1x1+3x(—3)=-8.
(b) The adjoints are
0-1 3-1 3 0
A = 1 1217 14122’1 1‘24, A ‘1 1‘237
1-1 2 -1 2 1
A2 = 1 1—2> A22—’1 1‘—3, Aas ‘1 1‘—17
1-1 2 -1 21
A31—071 ——1, A32—‘371’—1, Agg—’30'——3

The determinant is given by (using the first row)
|A| = (—1)1“&111411 + (—1)1+2a12A12 + (—1)1+3(113A13
=2Xx1—-1x4+4(-1)x3=-5.
Using the second column, we obtain the same result

|A| = (—1)1+2a12A12 + (—1)2+2a221422 + (—1)1+3a32A32
=—-1x4—-1x1=-5.

2.27 Find the inverses of the coefficient matrices in Problem 2.25.

Solution: (a) The inverse is given by (A;; are the adjoints defined in the solution to
Problem 2.26)

) 1 A —Aar Aa 1 1-1-3
[A]7 - m —A12 A22 _A32 - é 4 4: _4
A1z —Azz  Asz 7 1-5
(b) The inverse is given by
) 1 Ain —A21 As 1 1 -2 -1
A7 = = | —Ap Ag —Asp | =2 |4 3-1
[A] ] 12 22 32 5

Arz —Asz Ass 3-1-3
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2.28 Determine if the following matrices are positive:

2 1-2 2 1-1 2 1 1
(@) |[1-2 1|, ) |3 2-1|, (¢) |1-1 2
3 1-1 110 3 2 1

Solution: (a) We write the quadratic form of the matrix
{X}T[A]{X} =227 — 225 — 2} + 2 (122 + T123 + T23)

which is not positive because the vector, for example, (z1,z2,23) = (0,1,1) gives
{(X}TA{X} = —1.
(b) The quadratic form

{X}TIANX} = 2(21 +a2)* > 0

is positive, and hence [A] is positive.
(¢) The quadratic form

{XVYT[A{ X} = 227 — 23 + 25 + 22120 + 4123 + dwows

is not always positive, because (z1,x2,23) = (—1,1,—1) gives {X}T[A]{X} = 0, and
(x1,22,23) = (0,1, —1) as well as (z1,z2,23) = (0, —1,1) give {X}T[A{X} = —4.

2.29 Check to see if the following [Q)] is nonsingular, and if it is, construct the positive matrix
associated with it:

—= = O

1 0

@ =012

1 1
Solution: We have

Ql=1x(1x1-1x2)+1x(0x2-1x0)=—1%#0.

Therefore, the positive matrix associated with [Q)] is

1017100 211
A =" Q=1[011]]012|=]|123
021)[111 135

2.30 Let r denote a position vector r = x =
vector. Show that:

€4 (r2 = z;z;) and A an arbitrary constant

(a) V(") =n(n+1)r" "2 (b) grad (r-A)=A.
(¢) div (rx A)=0. (d) curl(r x A) = —2A.
() div (rA) — %(r CA). (f) curl (rA) = %(r « A).

Solution: First we establish following two identities:

grad(r) = &; %
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(a) We have,
9? 0 _
2/ mny\ _ ny __ n—2_.
v ( ) - ((91718%7, (T ) - 8"61 (nr CL‘Z)
=n(n— 2)1"”73 g; xi +nrt 28, = n(n — 2)1‘"73%% + 3nrn2

= [n(n —2) +3n)r" "2 = n(n+ 1)r" %

(b) Because A is a constant vector, we have

ox; 0x;
=& (A;+0)=A.

grad(r . A) = ézi (iL‘jAj) = él (6”14] + T 8AJ)

(c) Carrying out the indicated operation, we obtain

. 9 R Ox; 0A
div(r x A) = &, - v (ejrexj Arér) = ejredic (%Ak + amf)

=(0+0)=0.

(d) Carrying out the indicated operation, we obtain

. 0 .
curl(r x A) = é; X o (erstxrAséy)

- erstéi X ét (5irAs + T aAS)
8$i

= erst€;it€; (0irAs + 0) = €;51€5i16; As
= —2€,0,;As = —2A.

(e) Carrying out the indicated operation, we obtain

. . 1o} . . or T; 1
div(rA) = é; - Ere (rA;é;) =¢;-é; < ’Aj) = TAi =r A.

(f) Carrying out the indicated operation, we obtain
V % (rA) = éz X a% (‘/mjmjAkék)
=8; X & (ﬂAk + 0) = e;rté: (&Ak)
r r

= leiktxiAkét = l(r X A).
T T

2.31 Let A and B be vector functions of position vector x with continuous first and second
derivatives, and let F' and G be scalar functions of position x with continuous first and
second derivatives. Show that:

(a) V- (V x A) =0.

(b) V x (VF) =0.

(c) V-(VF x VG) =0.

(d) V- (FA)=A-VF+FV-A.

() VX(FA)=FV xA—-AxVF.

(f) V(A-B)=A-VB+B-VA+AXx(VxB)+Bx (VxA).
(g V.- (AxB)=VXxA-B-VxB-A.
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Solution:
(a) Using the index notation, we write

R 0 0Ay .
V. (V X A) =€e; " — (63'}@287;94)

8xi j
— e105 0% Ay, — e 0 Ay =0
= Gkt Mc‘?mi@xj - ”k&ti@xj -
because of the symmetry of Ay ;; in ¢ and j.
(b) We have
. 0 . OF . O°F
curl(gradF) = ei@Tvi X (ej T@) = eijk €k 2.0, =0,

where the last result is arrived by virtue of the symmetry of (9> F/0z;0x;) = (0°F/0x;0x;).

(c) Because % is symmetric in ¢ and j and 83278?% is symmetric in ¢ and k, we
19 10z,
obtain
0 oF oG
V- (VFXxVG) =(&é+— ) |&-— Xér——
( ) (e 83@) (ej ox; Ok ka)

eron (PE_9G OF 9G
— Gkt ‘ ¢ al‘zal'] 8Ik a.l‘j szé)ack
o (OF 0 oF G
= Cigk 8wi8x]~ axk aa?j 8xiaxk h

(d) Because F = F(x) and A=A(x), we have

. 0 R 0A; oF
_0A e A G AR L A.VE
ox; o0x;

(e) Because F = F(x) and A=A(x), we have

0 ) 5 (94 oF
V x (FA) = <e187> x (&A; F) = eijuér (aij+Aj8xi>

L

; F
aa; F- ejikékAj% =FVxXxA—-AxVF.

= €ijk€k

(f) Because A = A(x) and B = B(x), we have

. 0
. [ O0A; 0B,
=& B; + A; =VA B B-A. 1
Next consider
. . OB . 0B
A x curl B = (&;4;) x (ejkpep an) = eqeqipejkpAiaT;

. N 3 aBk_A_ ,aBi,A ‘aBk

= &4(0g;0ik — 6qk5”)Al—8mj = eJAl—axj ekAl—axi

=VB-A-A- -VB. (2)

Therefore,

Ax(VxB)+Bx(VxA)=VB-A—A - VB+VA-B-B:-VA
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=VA -B+VB-A-(A-VB+B:-VA).
From Egs. (1) and (2) the required vector identity follows.

(g) Because A = A(x) and B = B(x), we have

V.(AxB)=é - 04, aB)

0 .
Er (ejkeA; Brér) = €ijk (8 I By + Aj i
=curlA-B — curlB - A.

2.32 Let A and B be vector functions of position vector x with continuous first and second
derivatives, and let F' and G be scalar functions of position x with continuous first and
second derivatives. Show that:

(a) VXx(AxB)=B-VA—-A-VB+AV-B-BV_-A.
) (VXA xA=A-VA-VA A
(c) V3(FG)=F V*G+2VF-VG+G V?F
(d) V3(Fx)=2VF +xV*F.

(e) A.VA:v(;A.A)—AxVxA.

(f) x)=A+ VA x.

(g) V2(A x) =2V A +x-V?A.

<1

(a) Because A = A(x) and B = B(x), we have

V x (A X B) = éZ% X (AjBkejkpép)
. [0A; 0B
= €5kp€qip€q (T;Bk + A; Txk)
9A,

. oB
= (0jq0ki — 6;i0kq)€q (8 Bi+ 455~ k)

o (g 4 9B\ _ . (94 0B
I\ 0z T By F\ oz ax,-

=B-VA+AV-B-BV-A-A.VB.

(b) Because A = A(x), we have

(VxA)x A= e”kaA e, X (Apép)

ox;
0A; 0A; , .
= €ijkCkpqg 5 oz ’ Apeq = (8ipdjq — diqdjp) TJApeq
M e~ g e — A VA—VA-A.
8:102- J BCEZ J

(c) Because V? = V - V, we have

VQ(FG):éii-(A a—FG+F 8(;)

8901- 6 833]-

o e, O’F G+8i8G Iy 3F8G+F 0’G
-7\ Ozi0y Ox; Ox; Ox; Ox; O0x;0x;
2 2
=8 -é; oF éjai.éiE_A'_Féi.éjﬁ

8xi8:cj ax]‘ ox; 8xj ox;
O*F 0*G

Bx 8377, 020 * VE-VE + F&xzaxl






