Problem 1.1

Inflow through X = constant:

Outflow through X + X = constant:

BASIC CONSERVATION LAWS

puUdyoz
puUdYy oz +§(pu5y5z)5x+m
X

Net inflow through X = constant surfaces: —ag(pu)5x5y5z + oo
X

Net inflow through y = constant surfaces: —%(pv)éxéy& +eoe

Net inflow through z = constant surfaces: —g(pw)5x5y§z + oo
z

But the rate at which the mass is accumulating inside the control volume is:

0
—(pdXoyoz
8t(p yoz)

Then the equation of mass conservation becomes:

op 0 0 0
——O0XOYOoZ=—|—(pu)+— (V) +—(oW) | OXOYOZ +eee
o y ax(p) 6y(p) 82(p )} y

Taking the limits as the quantities 0x, 8y and 5z become vanishingly small, we get:

op
ot

0

_t

OX

(pu) + %(pv) " g(pw) -0
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BASIC CONSERVATION LAWS

Problem 1.2

Z
[
R
oz
(R,0,2)
| —/
I
I
I
| -
Gl )
5, | )
X
Inflow through R = constant: pPURO062
Outflow through R + 6R = constant: pURS052 +a%(PURR595Z)5R +oee

Net inflow through R = constant surfaces: —%(pRuRmR&e& + oo
Net inflow through @ = constant surfaces: —%(pung&Qéz + oo

Net inflow through z = constant surfaces: —ai(puz)R5R5952 + oo
z

But the rate at which the mass is accumulating inside the control volume is:
2( RORSOS57)
o P
Then the equation of mass conservation becomes:
op 0 0 0
—RO0R6OO67=—| —(pRuy)+—(pu,)+ R—(pu,) | RSO SZ +ese
P {aR(p R)+ o (pug) + R—(p Z)}

Taking the limits as the quantities OR, 66 and 6z become vanishingly small, we get:

op 10 10
—+——(pRuUy)+=—
o "RERPRUD TR0

(pug)+§(puz)=o
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BASIC CONSERVATION LAWS

Problem 1.3
X
Inflow through r = constant: pU, r?sind o6 dw
Outflow through r + or = constant: pU, r?sin@66 dw
+§(przur SiNG 56 5w) S + oo
r
Net inflow through r = constant surfaces: —g(przur)sin OO 00 0@ + +o»
r

Net inflow through @ = constant surfaces: —%(pugsin O)roro0om + ses

Net inflow through @ = constant surfaces: —ai(puw)r5r5495a)+---
0]

But the rate at which the mass is accumulating inside the control volume is:
0 2
—(pr°sin@or 660 ow)
ot
Then the equation of mass conservation becomes:
op 5 . 0 2 N 0 . 0 }
——r°sindorofomw=—| —(prcu,)sind+r—_(pu,sin@) +r—:_pu,) |Oro0ow +ee»
P L%(p 0) 60(/0 o SING) 6w(p o)

Taking the limits as the quantities or, 66 and ow become vanishingly small, we get:

op 1 0 ) 0 . 0
—+——(pr-u, )+ —(pu,sinf) + —(pu )=0
ot rzar(p ) rsin@ 60('0 ¢ ) rsing aa)(p )
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BASIC CONSERVATION LAWS

Problem 1.4

Using the given transformation equations gives:

R?=x*+y? and tang =Y
X
~2RR _ox—2Rcoso = R_coso
OX OX
andseczé?%:—lzz—l SInb__, 99 __Lsing

OX X R cos? @ OX

Using these results, the derivatives with respect to x and y transform as follows:

O _RO 000 _ ., 0 SN0 3
OoX OXOR ox 00 OR R 06
0 OR O 06 0 . 0 cosf 0
— =4 ——=5inf —+ ——
oy oy oR oy o6 R R 060
o_0
07 oz

Using these results and the relationships between the Cartesian and cylindrical vector
components, we get the following expressions for the Cartesian terms in the continuity equation:

0 0 . sin@ o .
—(pu)=cos@—[p(u,cosfd —-u,sin@)] —-——— U,cos@d —-u,sing
aX(p) GR['O( R 0 )] R 8(9[(/)( R 0 )]

cos@d O ;
— U,sin@ +u,cosd
5l (ug »c0s )]

0 . 0 .
—(pVv)=sin@—IJ[p(u,sin@ +u,cosb)]+
ay(p ) aR[p( R 0 )]

Adding these two terms and simplifying produces the following equation:

9
oy

pPUg 10
+ ——(pu
R R@H(p 0)

g§Uno+ uﬂo=é%(pua+

1 0 1 0
== —(pRu,)+——(pu
R aR(p R) R 60(p 9)

Substituting this result into the full continuity equation yields the following result:

op 10 10 0
—+——(pRuy)+—=—(pu,)+—(pu,)=0
" RaR(p r) Raa(p 0) az(p 2)
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BASIC CONSERVATION LAWS

Problem 1.5

The equations that connect the two coordinate systems are as follows:

X=rsing cosw y=rsiné sinw z=rcosd
2
z
rP=x?+y’+2° tanw=2 cos’f=————+-
X (X“+y“+2z°9)

Using the relations given above, the following identities are obtained for the various partial
derivatives:

—r:sinecosw g=sinesinw q=cos&
OX oy 0z
%=—1cosecosw %=—1cosesina) %:—lsine
OX r oy r 0z r
0w _1sine 0w _1c0s® 90 _

OX rsind oy r cosé oz

Thus the following expressions are obtained for the various Cartesian derivatives:

0_ro 000 owd

X oxor ox o0 X ow
) 0 0 1sinew 0
=sin@ coSw— —rcosd cosw — + —————
or ow 1 sind dw

0 _ord 000 0w 0

=+ ——
oy oyor oy ol oy ow
. . o 1 . 0 1cosw O
=sinfd sino— ——cosf sinw— + ————
or r 060 r sin@ ow
0 _oro 000 oo 0
0L ozor 0100 07 0w
:cos@E—lsinHi
or r 00

Next we need the Cartesian velocity components expressed in terms of spherical components.
This may be achieved by noting that the velocity vector may be written as follows:

u=ue, +ve, +We,=u e, +U,€e,+U,€,

Then, if we express the base vectors in spherical coordinates in terms of the base vectors in

Cartesian coordinates, equating components in the previous equation will yield the required
relationships. Thus, noting that:
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BASIC CONSERVATION LAWS

r=xe,+ye, +ze,=rsinf coswe, +rsindsinmwe, +rcosde,

Also, recalling from Appendix A that:

or
a ax

O it follows that

e, =sind cosw e, +sindsinw e, +cosd e,
e, =C0s0 cosw e, +cosd sinw e, —sind e,

e,=-sinmwe, +coswe,

Substituting these expressions into the equation obtained above for the velocity vector, and
equating coefficients of like base vectors, yields the following relationships connecting the
Cartesian and spherical velocity components:

u=u,siné cosw +u,cosd cosw —u,Sinw
v=u,sind sin®+u,cosé sinw +u, CoS®m
W=u, cosé —u,sinég

Using these results, and those obtained for the Cartesian derivatives, produces the following
expression for the Cartesian terms that appear in the continuity equation:

1
—(pU)+5(pV)+—(p )— (p u)+ rSmeﬁ(pus 0) + rsm@%(p o)

Substituting this result into the full continuity equation yields the following expression:

19) 10
L _( 2r)

r<u —(pu,sing) + —(pu 0
ot rzarp rsneae(p ) rsin@ ow (’D o) =

Problem 1.6

From Appendix A, the following value is obtained for the convective derivative:

oa oa oa a
(a'v)a:hi a1 l"’az 2"'aa -2 i(hzaz)_i(hlal)
N 0X, 0%, ox, | h,|ox; oX,

a;| o h
+h_3 87(1 1) ( as) el+("')e2+("')e3
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BASIC CONSERVATION LAWS

Applying this result to cylindrical coordinates, we interpret the various terms as follows:

a; =Ug a, =Uy a;=U,
X; =R X, =60 X3=12
=1 h,=R h,=1
e, =€, e,=¢, e, =6,

Using these results, the required term becomes:

ou ou ou,\ Uu,| o ou
ere[(usV)u]= [UR aRR +U, aRH U — J_EQ[G_R(RU")_ a;

ou, au,
+u, -
oz oR

Simplifying the right side of this equation produces the required result:

ou, u,ou, u,’ ou
er[(U-V)u]=u, aRR +§60R - Rf +u, 62R

Problem 1.7

We use the same starting equation from Appendix A as in the previous problem. However, since
we are dealing with spherical coordinates here, the various terms are as follows:

a, =u, a, =Uy a;=u,

X, =Tr X, =6 X, =@

h =1 h,=r h, =rsiné
e, =€, e,=¢, e,=e,

Using these results, the required term becomes:

ou, ou, ou,) U,| o ou, u, (ou, o .
e, +[(usV)u]=|u, +u, +u, ——| =—(ru,) - +— ——(ru,sing
or or or r|or 00 rsiné\ ow or

Simplifying the right side of this equation yields the required result:

ou u,o0u. u,t+u’ u_  ou
e, [(usVyu]=u, — +2—F -2 2 4_~°
or r 06 r rsin@ ow

r
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BASIC CONSERVATION LAWS

Problem 1.8

For a Newtonian fluid, the shear stress tensor is defined by the following equation:

ou,

ou,

ou

i

T. .

=A0

U oy
k

o

+
8xj OX.

|

Evaluating the various terms in this expression for Cartesian coordinates (X, y,z) and Cartesian
velocity components (u,v,w) yields the following results:

ou ov ow ou

o =A —F—+— [+2u—

oX oy oz OX

OX oy oz oy

ou ov ow ow

w=A ==+ — |+ 2u—

oXx oy oz 0z
___ [ou ov
Txy_Tyx_:ua a_
r=ty = [G_Uﬂj
XZ X /Ll az 8X
e [, ow
yz zy H 82 ay

For a monotonic gas, the Stokes relation requires that A =—2 /3. Then the relations obtained
above assume the following special form:

== g U _,0v 0w
3\ x Ty @
Tyyzﬁ g _,0u 0w
3y “x @
7, =2 W _,0u v
3" “ox oy
ou ov
Ty =Ty = H| —+—
55
e
XZ ZX ﬂaz aX
(o
yz iy =M a2 ay
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Problem 1.9

BASIC CONSERVATION LAWS

For a Newtonian fluid, the dissipation function is defined by the following equation:

ou

auj

i

+
OX

|

OX;

Evaluating the various terms in this equation for the Cartesian coordinates ( X, y,z) and the
Cartesian velocity components (u,v,w), yields the following value for @ :

ou ov ow
oX oy oz

oI

o

ou ov
_+_

oy Ox

):z,{(

a_u
OX

ou ow
- + -
07 OX

)+

T

ov

+(ay
)|

ow

2]
)

oV oW
_+_
or oy

For a monotonic gas, the Stokes relation requires that A =—2 /3. Then the general expression
for @ obtained above assumes the following special form:

ooyl 20, v ow lz(a_ujlz el Zz(@f
M slx oy @ ox oy o
(6u avj2 (au M)Z [8v awjz}
b=+ 4| == +| —+—
oy oX 0z 0OX oz oy

Problem 1.10

For steady flow of an inviscid and incompressible fluid, but one for which the density is not
constant, the two-dimensional governing equations are:

%(pun%(pv)w

ou ou op
pU—+ pV—=——
OX oy OX
ov ov op
pU—+ pV—=——
OX oy oy

Dividing the continuity equation by p, and using the definitions of the new velocity
components as given, we get:
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BASIC CONSERVATION LAWS

o O R I ) -
X\ Po oy \ Po
yn [ﬂﬁ\’_jw*é 2.2 [2]2,
Po \ OX  OX x|\ po Y\ Po
The last two terms in the last equation represent the steady-state form of the material derivative

of the square root of the density ratio. For an incompressible fluid, this quantity will be zero.
Then the continuity equation becomes:

au” ou”

—+—=0 1.15
OX OX ( )

Adding the original form of the continuity equation to each of the components of the momentum
equation, and dividing throughout by the constant p,, yields the following form of the

momentum equations:
Ol P2l 0P yylo_LOP
X\ Py Y\ Po Py OX

Ol P yyledlplo_Lop
OX\ Py A Po Oy
Using the definitions of the new velocity components, these equations become:

0 (u*2)+%( u*v*):—i@

ox Py OX
i(u*v* )+i( v*z) __ 1%
ox oy Po Oy

Expanding the terms on the left side of this equation and using Eq. (1.15) reduces the momentum
equations to those of an incompressible fluid. The resulting equations are as follows:

au” v
4+ =0

OX oy
SO, 1
OX oy Lo OX
~N «v 1 op
u —+VvV —=——"—
ox o  po oy
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FLOW KINEMATICS

Problem 2.1

The following graph was drawn using EXCEL.

| \
5
]
4 ) -'\x"'\
2 S
= ~
& % s
£ A
=] . -_-________...—-
> puinel_—
" i /"/
1
0
0 1 2 3 4 5 6 7 8 9 10

x Coordinate

Figure Q.2.1: Streamline, pathline, and streakline for the flow field # = x(1+2f),v=w =10

Problem 2.2

@) Y_V_ it
dx u
Ly=@L+t)x+C

But x=y=1 when t=0 = C=0

Hence at t =0 the equation of the streamline is:

y =X
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FLOW KINEMATICS

dt 1+t dt
~X=log(l+t)+C, ny=t+C,

The condition that x =y =1 when t =0 requires that C, =C, =1, so that:
Xx=1+log(@+t) y=1+t

Eliminating t between these two equations shows that the equation of the pathline is:

y=e

(c) Here, the equations obtained in (b) above are required to satisfy the condition x=y=1
when t=7. This leads to the values C, =1—log(l+7) and C, =1—7. Hence the
parametric equations of the streakline are:

x=log(l+t)+1—log(1+ 7) y=t+1l-7
At time t =0 these equations become:
x=1-log(@+ 7) y=1-7

Eliminating the parameter = between these two equations yields the following equation
for the streaklineat t =0:

y=2-e"*
Problem 2.3
(@) u=x(1+t) v=1 w=0
%zx(1+t) = x=C,e"* =Ce’ att=0
ds
dy
—=1=y=s5+C
ds y 2

Butx=y=1whens=0sothat C,=C, =1. Hence:
x=e"and y=s+1

Lx=e""

Page 2-2



FLOW KINEMATICS

(b) %: X(l+t) — X:C1 et(1+t/2)
dy
—=1=y=t+C
it y 2
Butx=y=1whent=0sothat C,=C, =1. Hence:

x=e" and y=t+1

2
sox=el 2

(c) Asin (b): x=C,e' ™ and y=t+C,

Butx=y=1whent= 7 sothat C,=e"*"”? and C, =1-7. Hence:
X = et(l+t/2)—r(l+r/2) — e—r(1+r/2) fOI’ t= O

and y=1+t—-7z=1-7 fort=0

X =g E-n2

(d) From the continuity equation:
bp +pVeu=0

op 0 o 0
—+—(pu)+—(pVv) + —(pW) =
- 6X(p) ay(p) az(p) Dt

Hence: %’?:—pV-U:—p(lth) since Veu=(1+t) here.

ie. %(Iogp) —_(1+1)

Therefore logp=-t(l+t/2)+logC

So that p=Ce'®t2
But p=p, whent =0 so that C = p,. Hence:

p=p, e @ | along the streamline

Problem 2.4

The equations that define the streamlines are as follows:

dx, dx; ds
—=ds or —=
u; X, ([@L+1)
S
slogx. = +log C.
g X a+1) gL,

or x,=C,e*"
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FLOW KINEMATICS

Let x, =x,, when s=0. Then:

So that;

The equations that define the pathlines are as follows:

s/(1+t)

X; =X, €
X _y 1
XO yO ZO

for any time t.

dx; dx; X;
at dt  (1+1)
s logx; =log(1+t)+logC,
or x;=C,(1+1)
Let x; =Xx,, when s=0. Then:
X.
X, =X,@+t) or —=(1+t)
i0
So that: x_y_z as per the streamlines.
XO yO ZO
Problem 2.5
() u=16x*+y v=10 w=yz’

On0<x<10,y=0:
On0<y<5x=10:
On1l0>x>0,y=5:

On5>y<0,x=0:

[[vay = ['10dy =50

[Cudx= [ @6x* +5)dx =~
10 10

['vay = ['10dy =50
5 5
Then, adding the components around the counter-clockwise path gives:

I'=-50

ov adu
ox oy

(b) For the area specified, n=e, and w, = (— -—

Page 2-4
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FLOW KINEMATICS

o _
jA endA= —50

This is the same result that was obtained in (a), so that Eq. (2.5) is verified for this flow.

Problem 2.6

X
5 5 and V= 2y 5
X“+y X +y

u=

+1 +1 -1 -1
= L u(x,—1) dx + L v(+1,y)dy + L u(x,+1)dx + J.+1 v(-1,y)dy

a—xdx 1 ydy 1—xdx 1 ydy
1 x%+1 -[-11+y2 -Ll x> +1 -[+11+y2

In the foregoing equation, we note that there are two pairs of offsetting integrals. Hence:

=0

Problem 2.7

(a) YA u=9x*+2y v=10x w=-2yz’

+1

+1 +1 2 3 +1
[Tu-ndx= [ (@x* -2)dx=[3x*-2x] =2
-1 -1 1

+1 +1 +1
j v(+1, y)dy = j 10dy =[10y] =20
-1 -1 1

-1 -1 -1
[u(+Ddx= [ (9% +2)dx=[3x" +2x] =-10
" * +1

Jveaydy= [ 100y =[-10y] =20

Hence: r:<jlu.d|:2+2o—10+20=32

(b) m:(%\l—?jeﬁ(g—u—gﬂjey+(?—%}ez:—222ex+8ez
z yA X X

Hence o =-50e, +8e, on the plane z=5
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FLOW KINEMATICS

(c) For the plane z =5 the unit normal is n=e,. Hence:

[ omda=["dx [ 8dy=32

This agrees with the result obtained in (a) - as it should, since

r=c}lu-d|=jAw-ndA

Problem 2.8
y X
u=-— and V=
X2+y2 X2+y2
+1 +1 -1 -1
(a) = J:lu(x,—l) dx + L v(+1 y)dy + Lu(x,+1) dx + L V(=1 y)dy
_ IH de N J'+1 dy2 N J'—l —2><dx N J'—l —dy2
AX°+1 tl+y AxXT+1 Ml+y
ot da 1 14
=4 P =4[tan" o]
Ir=2r
(b) o=| 2N
ox oy
_ 1 2 . 12y’
(< +y?) Py ] L +yT) (XY’
~o=0 provided xandy=0
(c) M__2XYy g N2y

ox (X% +y?)? &y (x2+y?)?

~.Veu=0 provided x andy=0
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FLOW KINEMATICS

Problem 2.9
u=ay; V= fX
41 +1 -1 -1
(a) I =cusde = L () dx + L Bdy + Ladx+ L (-B)dy
+1 +1 -1 -1
- [—aX] -1 + [,3 y] -1 + [aX] +1 + [—,B y] +1
=—20+2p —2a+2p
r=-4(-p)
ov adu
(b) jAa)-ndAz I(&—ajdxdyz [(8 - a)axdy
[ondA= —4(a-p)
dx dy
C —= and —=
(© - 5 - X
ﬂ:ﬁ or aydy=pgxdx
dx ay
Yo _pxt et
=P
Bx? —ay?=c?
(d) a=-land f=+1 = x*+y°>=c® whereu=-y and v=X.

But x = 1 when y = 0 so that ¢ ? = 1. Therefore;

x> +y*=1

(e) a=p=1 = x*-y?=c® whereu=y and v=x.

But x =0 when y = 0 so that ¢ = 0. Therefore;

y=+X
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FLOW KINEMATICS

Problem 2.10
The vorticity vector will be in the z direction and its magnitude will be:
190 1 ou,
R,0)=——(Ru,) ————
*RO) =R aw R "R 0

(@) u,=0 and u,=wR

0 0
—(Ru,)=—(@R*)=2wR
aR( 0) 6R( )

Oug
and —=0
00
~o(R,0)=2wR
I
b u,=0 and u, =——
(0) : =5
0 o T
—(Ru,)=—| — |=0
R RUo) aR(ZﬂJ
ou
and R=-0
o

~o(R,6)=0 provided R=#0
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