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CHAPTER 2 LIMITS AND CONTINUITY

2.1 RATES OF CHANGE AND TANGENTS TO CURVES

A 3I)-1(2 _ A 1 1
1. (a) Ef=f(;_§()=2819=19 (b) f f(])(f]() ) _ 2 _1
3 1 - 4 2
2. (a) Eg:g(g ig() é 1):2 (b) Eg:g(4)_(§§) ) _ T:O
h3E ) M) _ i 4 m_ ME)HE) o5 _ 3
3. (@) 4 At 3 &4 z 7z (b) AT 21_1 == z oz
4 4 2 2 6 3
Ag _ g(m)-g(0) _ 2-D-(C2+) _ 2 Ag _ gm)-g(-7) _ 2-D-(2-D) _
4 (@ AT z0  #z0 oz (b) T oa-(-m 27 =0
5 AR _ R(2)-R(0) _ \/g \f -1
T NG 2-0 2 2
6. AP _ P(2)-P(1) _ (8-16+10)—(1-4+5) —2-2-0

AG 2-1 1

2 2
7. (a) =ENDCD _ asdheh’osil 4’1;”2 =4+h Ash—0,4+h— 4= at P(2,~1) the slope is 4.

b)) y—(-D)=4(x-2)=y+1=4x-8 = y= 4x-9

2 2
8. (a) =T IO _ Al o Aheh® = 4 j As h—0,~4—h—> —4= at P(2,3) the slope

is —4.
(b)) y-3=(-4(x-2)=>y-3=-4x+8= y=-4x+11

=2+hAsh—0,2+h—2= at

Ay (Q+h)?=2Q2+h)-3)-(22-2(2)-3) _ 4+4h+h>—4-2h=3—(-3) _ 2p+i?
Ax h - h T
P(2, —-3) the slope is 2.

(b) y—(-3)=2(x-2)=> y+3=2x-4=y=2x-T7.

2 2 2
10. (a) % - (d+h) _4(1+hh))_(1 —4) _ W2kt _2'_4}'_(_3) =I=2h — 2 Ash—0,h—2— -2 = at P(1, -3) the
slope is —2.

b) y-(3D=(2D)x-)=>y+3=-2x+2= y=-"2x-1.

3 43
1. (a) =G o SH0MAI 08 _ DI 1) 4 )4 2 Ash— 0,12 +4h+h? =12, = at P(2, 8)

the slope is 12.
(b) y—8=12(x-2)= y-8=12x-24= y=12x-16.

_ 3_~_13
12, (a) =2 2o3heAEiiol - SheSECR - 3 3p )2 Ash— 0, -3 -3h- k% — =3, at

P(1,1) the slope is 3.
(b) y-1=(3)x-D=>y-1=-3x+3=> y=-3x+4.
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14.

15.

16.

17.

18.
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20.

(a) Ly _

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(b)

Chapter 2 Limits and Continuity

A+ —12(1+1)-(1212(1)) _ 143h+3h% +h3-12-12h—(-11) _ = O _ g 3p 2

Ax h h h
Ash—0,-9+3h+h>— -9 = at P(1, —11) the slope is 9.

y—(-1)=(-9)(x-1)=> y+11=-9x+9=> y=—9x—2.

_ (2+h)’32+h)7 +4-(2°-3(2)* +4) _ 8H12h+6h* +13~12-12h-3h*+4-0 _ 3h*+h> _ 2
Ax 7 7 ; =3h+h".

Ash—0,3h+h> — 0= at P(2, 0) the slope is 0.
y=-0=0(x-2)= y=0.

11
Ay e 24240 1 1

A h 2-2+h) h  2(=2+h)"

-1 -1 P
As h—0, m_)T’ = at P(—2, 7) the slope is -

r-(F) =R === g

(4+h) 4
Ay _ 2-(4+h) 24 (4+h +2) 1 _AHht2(=2-h) 1 _ -1 _ 1

1
Ax h —2-h h —2-h h™ =2—-h " 2+h’

11 _ ig L
As h— 0, 2+h_)2’ = at P(4,—2) the slope is >

y—(—2)zi(x—4):>y+2=5x—2:>y=5x—4

Ay _ Narh—4 _ Jarh-2 Jarh+2 _ _(4th)-4 _ |
Ax h h Va+h+2  h(Na4+h+2)  Ja+h+2'

1 1 _1 ig L
As h—0, m+2—>ﬁ+2—4, = at P(4,2) the slope is 4

—o=1(y_ —2=1,_ -1
y 2—4(x Y=y 2—4x 1:>y—4x+1

\/7(2+h —1/7(2 _N9h=3 NTh3 __(9-m-9 _ g
Ax R Jo-h+3  h(NO9—h+3) ~NO—h+3’

As h— 0, \/ﬁﬁ - \/513 =_—1, = at P(-2,3) the slope is %1.

y=3=2-(2)=>y-3=Fx-d=y=7x+

w oo

0 Slope of PO =—+

650-225 _
0,(10,225) S0t =42.5 m/sec

650-375 _
0,(14,375) BT = 4583 m/sec

650-475 _
05(16.5,475) Soocs = 20.00 m/sec

650-550 _
04(18,550) 2ot =50.00 m/sec

At t =20, the sportscar was traveling approximately 50 m/sec or 180 km/h.

0 Slope of PO ===

0,(5,20) 81% 250 =12 m/sec

0,(7,39) 81% 379 =13.7 m/sec

05(8.5,58) $0-8 —14.7 m/sec

04(9.5,72) 18(‘)) 9725 =16 m/sec

Approximately 16 m/sec
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Profit (1000s)
5 5 B
s 2 8

%
S

.
o 3

20‘]0 2OHI 20112 ZOH3 20114
Year
A —
(b) P __174-62 _ 112

A = 30140013 = 5 = 20 thousand dollars per year

(c) The average rate of change from 2011 to 2012 is % = % =35 thousand dollars per year.
Ap _ _111-62

The average rate of change from 2012 to 2013 is =49 thousand dollars per year.

At T 2013-2012
So, the rate at which profits were changing in 2012 is approximately %(35 +49) = 42 thousand dollars
per year.

22. () F(x)=(x+2)/(x-2)

x |12 1.1 1.01 1.001_ 1.0001 1
F(x) | —4.0 -3.4 -3.04 -3.004 -3.0004 -3
AF _ —4.0—(-3) AF _34-(3 _ 7

Ax 1241 =-5.0; Ax  LI=I =44

AF 04—(-3) . AF _ —3004—(=3) _

AL = S =404 = oory = 4004,

AF _ —3.0004—(-3)
Ax  1.0001-1 =—4. 0004

(b) The rate of change of F(x) at x =1 is —4.

Ag _ g()-g() _ f 1 g(1.5)-g(1) _ J_ 1
23, (a) E=£9E0- ~0.414213 E - ~ 0.449489
Ag _ g(+h)-g(l) _ JF h-1
Ax — (+h)-1 T
(b) g(x)=x
1+h 1.1 1.01 1.001 1.0001 1.00001  1.000001
J+h 1.04880 1.004987 1.0004998 1.0000499 1.000005 1.0000005
(\/1+h —1)/h 0.4880 04987  0.4998 0.499 0.5 0.5

(c) The rate of change of g(x) at x =11is 0.5.

(d) The calculator gives lim Nl %
h—0

11 =1
24 (a) ) f(3) f(2) 3 2 6

’_‘|
[

f(T) f(2) 777 _ 3 __2-T __2-T _
ii) o Rl e 2T(T-2) ~ 2T(>-T) _ —5 T #2
(b)) T 2.1 2.01 2.001 2.0001 2.00001  2.000001
f(T) 0476190  0.497512  0.499750  0.4999750  0.499997  0.499999
(fM)-fNNT-2) -0.2381 —-0.2488 -0.2500 -0.2500 -0.2500  —0.2500

(c) The table indicates the rate of change is —0.25 at 7 = 2.

@ Jim ()= 1

NOTE: Answers will vary in Exercises 25 and 26.

25. (a) [0,1]: 3 =1L =15mph;[1,2.5]: & = 215 = 10 mph; [2.5, 3.5]: £ = 3820 — 10 mph

Copyright © 2018 Pearson Education, Inc.
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(b)

(©)

26. (a)
(b)
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Chapter 2 Limits and Continuity

1
Atp(L
change will be almost the same as the average rate of change, thus the instantaneous speed at ¢ = % is

% =15 mi/hr. At P(2, 20): Since the portion of the graph from ¢ =2 to ¢ = 2.5 is nearly linear, the

instantaneous rate of change will be nearly the same as the average rate of change, thus v = 2205 2;) =0 mi/hr.

, 7.5) : Since the portion of the graph from # = 0 to # =1 is nearly linear, the instantaneous rate of

For values of ¢ less than 2, we have

0 Slope of PQ = %
0 (1,15) 15 20 =5 mi/hr
0,(1.5,19) %_mm/hr
05(1.9,19.9) 19.9-20 _ | iy
Thus, it appears that the instantaneous speed at ¢ = 2 is 0 mi/hr.
At P(3,22):

0 Slope of PQ = AS 0 Slope of PO = %
01(4,35) 322 — 13 mi/hr 01(2,20) 20-22 = 5 mi/hr
0,(3.5,30) 30-22 — 16 mi/hr 0,(2.5,20) 222 = 4 mi/hr
0:(3.1,23) 2-22 10 mi/hr 03(29,21.6) 23822 = 4 mi/hr
Thus, it appears that the instantaneous speed at # = 3 is about 7 mi/hr.

It appears that the curve is increasing the fastest at # = 3.5. Thus for P(3.5, 30)

0 Slope of PQ = & 0 Slope of PO =22
0,(4,35) 3339 = 10 mi/hr 0,(3,22) 230 = 16 mi/hr
0,(3.75,34) 230 =16 mi/hr 0,(3.25,25) 32255_3395 =20 mi/hr
05(3.6,32) 332 305 =20 mi/hr 05(3.4,28) _3233395 =20 mi/hr
Thus, it appears that the instantaneous speed at z = 3.5 is about 20 mi/hr.

LA4 _10-15 gal 3.9-15 gal _0-14 _ sl
[0,3: 3 =5~ 7day [0, 5] =0 2255517, 10] =Too 7 0. Sday
At P(1,14):

0 Slope of PO = % 0 Slope of PQ =
0,(2,12.2) % = —1.8 gal/day —lf):ll“ = -1 gal/day
0,(1.5,13.2) % = —1.6 gal/day 0,(0.5,14.6) % = —1.2 gal/day
05(1.1,13.85) _131815 114 —1.5 gal/day 05(0.9,14.86) _1465_496_-114 = —1.4 gal/day

Thus, it appears that the instantaneous rate of consumption at ¢ = 1is about —1.45 gal/day.
At P(4, 6):

0 Slope of PO = % 0 Slope of PQ = %
0,(5,3.9) 39°6 = .1 galiday 0,(3,10) 10-6 = —4 gal/day
0,(4.5,4.8) 48-6 _ ) 4 galiday 035,78 88— 36 galiday
05(4.1,5.7) 5126 — 3 galiday 03(3.9,63)  £3-6 =3 galiday
Thus, it appears that the instantaneous rate of consumption at ¢ =1 is —3 gal/day.

Copyright © 2018 Pearson Education, Inc.
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Section 2.2 Limit of a Function and Limit Laws 49
At P(8, 1): NP
0 Slope of PQ =44 0 Slope of PQ =44
7,1.4 La-l_ _
0/9,0.5) 05— 0.5 galiday Q.14 75 =06 mliday
0,8507)  0I=L—_06 galiday 075,13 3575 =06 gallday
1.04-1 _ _
03(8.1,0.95) 9951 - 05 galiday 03(7.9,1.04) LU= 0.6 gal/day

Thus, it appears that the instantaneous rate of consumption at # =11is —0.55 gal/day.
(c) It appears that the curve (the consumption) is decreasing the fastest at # = 3.5. Thus for P(3.5, 7.8)

— A
0 Slope of PO =24 0 Slope of PO = 2%
11.2-7.8 _
0,(4.5,4.8) 4818 _ 3 galiday G1(2.5,11.2) L2l =~ 3.4 gallday
10-7.8 _
0,(4,6) 618 = 3.6 gallday 0,(3,10) L8 = 4.4 gal/day
0(3.6,7.4) 1418 — 4 galiday 03(34,8.2) 8278 = —4 gal/day

Thus, it appears that the rate of consumption at ¢ = 3.5 is about —4 gal/day.

2.2 LIMIT OF A FUNCTION AND LIMIT LAWS

1. (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to as x — 1.
(b) 1 (c) O (d) 0.5

2. (a 0 b -1
(¢) Does not exist. As ¢ approaches 0 from the left, f(¢) approaches —1. As ¢ approaches 0 from the right,
f(¢) approaches 1. There is no single number L that f(¢) gets arbitrarily close to as t — 0.
(d) -1

3. (@) True (b) True (c) False
(d) False (e) False (f) True
(g) True (h) False (i) True
(G) True (k) False
4. (a) False (b) False (c) True
(d) True (e) True (f) True
(g) False (h) True (i) False
5. lim & il does not exist because =+ i f =1ifx>0and ﬁ = ix —1if x <0. As x approaches 0 from the left, X ]
x—0

approaches —1. As x approaches 0 from the right, % ] approaches 1. There is no single number L that all the

function values get arbitrarily close to as x — 0.

6. As x approaches 1 from the left, the values of ﬁ become increasingly large and negative. As x approaches 1

from the right, the values become increasingly large and positive. There is no number L that all the function

values get arbitrarily close to as x — 1, so lim —1 does not exist.
x—1%

7. Nothing can be said about f(x) because the existence of a limit as x — x; does not depend on how the function
is defined at x. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when x is
close enough to x. That is, the existence of a limit depends on the values of f'(x) for x near x,, not on the
definition of f(x) at x; itself.

Copyright © 2018 Pearson Education, Inc.
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22.

23.

24.

Chapter 2 Limits and Continuity

Nothing can be said. In order for lim f(x) to exist, f(x) must close to a single value for x near 0 regardless of
x—0

the value f(0) itself.

No, the definition does not require that / be defined at x =1 in order for a limiting value to exist there. If /(1) is

defined, it can be any real number, so we can conclude nothing about f(1) from lim f(x) = 5.
x—1

No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If
lim f(x) exists, its value may be some number other than f(1) = 5. We can conclude nothing about lim f(x),
x—1 x—l1

whether it exists or what its value is if it does exist, from knowing the value of £ (1) alone.

lim (x> -13)=(=3)>-13=9-13=—

x—-3

lim (x> +5x-2)=—(2)> +5(2)-2=-4+10-2=4
lim 8- 5)(¢~7) =8(6-5)(6-7) =8
t—

lim (x> —2x% +4x+8)=(-2)° —=2(-2)> + 4(-2) +8=-8-8-8+8=—16

x—-2

lim 2x+5 2245 _9_3
o2 =% 11=2) 3

i G225 =(5-5(3))2(3)-1) = -2((4)-1)= O3] -2
Jim wr s =45 +4) D30 =) =%

lim—2*2 __ 2¢2 _ 4 _4_1
Y2 YI4sy+6 (27 +5(2)+6 4104620 S

hm 5- )3 =[5 (=3 = @) = ((8)”3) 2% —16

lim /2210 =4/42-10 = 1610 = /6
z—4

3 __3 _3

lim ——= = =
ho0 N3hH+1 \BO)H+H I+ 2

lim M3ht4=2 _ i J5h+4=2 N5hd+d _ o Ghd-4 5h - lim 5 _ -
0 N ho0 b ka2 o h(NSh+4+2)  h—0 h(NSh+4+2)  h—0 VShta+2  JA+2
lim x5 = lim —2=2 —llm——#=L

Y5 X2=25 x5 (x+5)(x=5) 5 x+5 545 10

lim —*3 = lim —*3 = |jm L =-_L_=-1

3 A3 yyeg (EOHD a3+l 2

Copyright © 2018 Pearson Education, Inc.

-5
4



vozhaco.ir 159 53 Jol” o6 sgbls

25.

26.

27.

28.

29.

30.

31.

32.

33.
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37.

38.

39.

Section 2.2 Limit of a Function and Limit Laws

lim £H3510 = fiy WD) iy o0y =507
x—=5 x+5 x—=5 x+5 x—=5

. 2_ 7. . — -2 .

lim X°=7x=10 _ jjpy 00D _ iy (x-5)=2-5=-3
x—2 x—2 x= x—2
lim 2 +t=2 =i +2)(t-1) =i +2 _ 142 _ 3
(1 21 () @D+ gl 1+ 2

lim 2 +3t+2 = lim (#+2)(1+1) — lim 2 =142 _ 1
fse] P=t=2 s D)) 2 —1-2 3

lim =24 = fim S92 o i 2=2- -
x—-2 X +2x x—-2 X" (x+2)  x—>-2 x

1
2

5)°+8y2 - lim V2 (5y+8) - lim Sy+8 _ 8 __1

y—0 3y -16y"  y50 2 (3y°-16)  y—03y*-16 ~16 2
1-x

lim £ 11 = lim k= lim(;x-%): lim —L=-1
x—l 7 x—o1 Y xos1Y YT x—1

L_*_L (x+1D)+(x-1)
lim St = fim D = fim (L) = lim = 2=
Y0 X Y0 X 10 \(x=D(x+D) x r—o (D41 - -1

lim 21 = fim @ +D(+)u-1) _ lim @ +D)(+D) _ (+D(+) _ 4
u—sl =1yl @ rut)@=1) oyl ultu+l L+1+1 3

3 _ 2 2

s Vv 8 i (=2 H2vH4) s V42vid  _ 4+4+44 _ 12 _ 3
lim v lim - > = lim > =@® —2°%
v—=2 v =16 p2 (v=2)(v2)(v+4)  v—2 (v2)(vT+4)

lim Y33 = fim — 3 _ iy 1

= lim A—=—A—=1
x—9 ¥ 150 (a-d(Wx#3)  xoo Va3 o436

e e Xm0 o x(20)Q2—x) _ _
B A = i S iy I i o) a0 =16
, (x—l)(\/x+3+2) , (x—l)(\/x+3+2) .
x—1
= =lim ————*=1 Jx+3+2)=4+2=4
xl—>rnl Vx+3-2 xl—)In] (\/x+3—2)(\/x+3+2) xl—)rn] (x+3)-4 xl—>rnl( x ) \/—
. rss o (\/x2+8—3)(\/x2+8+3)_ _ (P80 . (x+1)(x—1)
lim = lim = lim = lim
x—>-1 x—-1 (x+1)(\/x2+8+3) x—-1 (x+1)(\/x2+8+3) x—-1 (x+1)(\/x2+8+3)
= lim ==L =-2--1
xo-1x2+843 33 3
iy V24 _ gl fran) s e
im ~=———= lim = lim = lim
x—2 x—2 (x—2)(x/x2+12+4) x—2 (x—2)(\/x2+12+4) x—2 (x—2)(\/x2+12+4)

= lim x+2 — 1

4 _1
x—2 241244 V644 2
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42.
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48.
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51.
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Chapter 2 Limits and Continuity
(x+2)(\/x2+5+3) (x+2)(\/x2+5+3) (x+2)(\/x2+5+3)
lim 2 = lim = lim : = lim
x—==2 \Jx2+5-3  x—>-2 («/x2+5_3)(\/x2+5+3) x—-2  (x"+5-9 -2  (tD)(x-2)
= lim Vx2+543 \/—+3 -_3
ey X2 —4 2
lim 2205 = i [l 5)= lim — 4009 gy 9=
>3 M a3 (x+3)(2+\/x2—5) x—>-3 (x+3)(2+\/x2—5) x—-3 (x+3)(2+\/x2—5)

x—-3 (x+3)(2+ x2—5) room 32+\/x - 2+\/—

L . (4—x)(5+\/% )
ms_mziﬂ(s_ o]
(4—x)(5+«/% )

(4—x)(5+m) ) (4—x)(5+x/%)
—im )

lim > >
x—4  25-(x"+9) x—4 16-x

5+Vx?+9 _ 54425 _ 5

= ig}‘ G-x)4+x) iﬂ 4x 8§ 4
2
lim(2sinx—1)=2sin0—-1=0-1=—1 44.  lim sin2x=( lim sinx) =(sin0)’> =0% =0
x—0 x— /4 x— /4
limsecx = lim —=—L_=1-1 46. lim tanx= lim Six —sin0 _0_
*—0 X—0 COSX “cos0 1 Y—7/3 s 7/3 COSX cos( 1
I+x+sinx _ 140+sin0 _ 140+0 _ 1
ig% 3cosx  3cosO 3
lim (x> = 1)(2 = cos x) = (0% —1)(2 —cos 0) = (=1)(2—1) = (1)) = -1

x—0
lim vx+4cos(x+7m)= lim x+4- lim cos(x+7m)=-7+4-cosO0=/4—m -1=\/4-7
X—>—7 X—>—T X—>—TT

lim \/7+sec X = \/11m(7+sec x)= |74+ lim seczx=\/7+seczo=\/7+(1)2 =22
x—0

x—0

(a) quotient rule (b) difference and power rules
(c) sum and constant multiple rules

(a) quotient rule (b) power and product rules
(c) difference and constant multiple rules

@ lim /(g0 = [ tim f(x)} [ tim g(x)} = (5X-2)=-10

0) 1im 2/(g(o) = 2[ tim f(x)} [ tim g(x)} = 2(5)(-2) =20
(© 1im [£(x)+3g(0)]= lim f(x)+3 lim g(x) = 5+3(-2) = -1

X—C X—C X—C
(d) lim JS(x) _ ll—>mc S 5

xe Jg() " T f()-mg() ~5(-2) 7

Copyright © 2018 Pearson Education, Inc.
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54. (a) lirrz [g(x)+3]= 1im g(x)+ lim 3=-3+3=0
(b) lim xf(x)= hm X hm f (x) (4)(0) 0

x—4

2
© lim [P =[hm g(x)} 3P =9
o 11m g(x)

g(x) _ 3 _
(d) il_r& TG hm f(x) 1= 0o = o

x—4

55, @ lim [/()+g(]= lim f()+ lim g()=7+(-3)=4
0) lim /(3)-g(x) = [ tim f(x)} [ tim g(x)} (-3 =21
(© lim g0 =| tim 4 | 1im ¢ | = (4)3) =12
@ lim /()ig() = lim () Tim ()= =1

$6. () lim_[p()+r()+5(0)= lim p(o)+ im r()+ lim 5()=4+0+(-3)=1
©) lim p()-r(05(0) = Tim (o) | tim 1| tim s(2) |= (103 =0

(c) 1im2 [—4p(x) +57(x))/s(x) = [—4 1im2 p(x)+5 1im2 r(x)} / 1im2 s(x) =[-4(4) + 5(0)]/ -3 =18

x—— 3

2 42
57. lim WL o g 22 g PO iy (047 = 2
h—0 h—0 h—0 h—0

2 2

58. lim CELTCR _ fjy dithiod iy MO = lim (h~4)=-4

h—0 h—0 h—0
59. lim BEDADOA _ iy 30

h—0 h h—0 !

1 1

N e T T S ) T S

60. ,}f}) n ,}I_If}) oy 1}1_>o 2h(—2+h) ,}f}) ha—2h - 4

 NTRT _ g W) e T S
T T AR S HeT] by (k) s SR 2

6 \/3(O+h)+ ~30)+1 (~/3h+ 1)(\3a+i+1) i JGADL 3k 3 3
' h—>0 h—>0 h(\3h+1+1) 70 h(NBR+1H) 10 A(N3R+H) 0 V3Rt

63. lim \/5 —2x% = \/5 - 2(0)2 =./5 and lim \/5 —x? = \/5 - (0)2 = \/g; by the sandwich theorem, lim f(x) = Js
x—0 x—=0

x—0

64. lim (2—x ) 2—-0=2and hm 2cosx = 2(1) = 2; by the sandwich theorem, hm gx)=2

x—0

65. (a) lim (1 —ﬁ) =1-9=1and lim 1=1; by the sandwich theorem, lim =X$inX_ —]
x—0 6 6 x—0 y—s( 2—2cosx
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(b)

66. (a)
(b)

67. (a)

(b)

(©)

68. (a)

oS 159 )5 Jol& o1 54kls

Chapter 2 Limits and Continuity

For x #0, y = (xsinx)/(2—-2cos x) lies
between the other two graphs in the figure,
and the graphs converge as x — 0.

y = (x sin x)/(2 — 2 cos x) f

h(X)=1\

S

o) =1~ (<26)~"

X
=2 = 1 2

2 2

lim (l - x—) =lim1-lim £ =1-0=1and lim 1 =1, by the sandwich theorem, lim 1=€0sx = 1,
x—0 2 x—0 2 x—0 4 2 2 x—0 2 2 Y x—=0 X
For all x # 0, the graph of f(x) = (1—-cos x)/x2 y
lies between the line y = % and the parabola 1

Sk
y= %— X2/ 24, and the graphs converge as =

= = 1 — cosx

x—0. g P x2

f(x)=(x*=9)/(x+3)
x -3.1 -3.01 -3.001 -3.0001 -3.00001 —3.000001
f(x) -6.1 —-6.01 —-6.001 —-6.0001 —6.00001 —6.000001
x -2.9 -2.99 -2.999 —-2.9999 —-2.99999 —-2.999999
S(x) -59 -5.99 -5.999 —-5.9999 —~5.99999 —5.999999
The estimate is lim f(x) = —o6.
x—-3
Yy

f(x)=(x*=-9)/(x +3)

) =22 20D _ o 3ipv 23 and lim (x-3)=-3-3=—6.
3

x+3 x+3 >

g(x):(xz—z)/(x—\/i)
x |14 1.41 1414 14142 141421 1414213
g(x) | 2.81421 2.82421 2.82821 2.828413 2.828423 2.828426
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Section 2.2 Limit of a Function and Limit Laws

(b)

NG

pd

2

x

2

8() = (-2l =~2)

sy (o)
© g(x>=;‘_3§=<+ )

= x+~2 if x#£4/2, and 1irf/1_(x+\/§)=\/§+x/5=2\/§.

(x—\/i) X2
69. (a) G(x)=(x+6)/(x*+4x—12)
x -5.9 -5.99 —-5.999 —-5.9999 —-5.99999  —5.999999
G(x) | —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000
x -6.1 -6.01 —-6.001 —-6.0001 —-6.00001  —6.000001
G(x) | —.123456 —.124843  —.124984  —.124998  —.124999  —.124999
(b)
y
10
-6 2 s
-10
-20 G(x) = (x + 6)/(x* + 4x — 12)
— x+6 _ x+6 __1 _ : o1 1
(c) G(x)_(x2+4x—12)_(X+6)(x—2)_x—2 if x # -6, andxli)m_6 3=~ 3~ 0125
70. (a) h(x)=(x>—2x-3)/(x* —4x+3)
x 2.9 2.99 2.999 2.9999 2.99999  2.999999
h(x) | 2.052631 2.005025 2.000500 2.000050 2.000005  2.0000005
x 3.1 3.01 3.001 3.0001 3.00001 _ 3.000001
h(x) [ 1.952380 1.995024 1.999500 1.999950  1.999995  1.999999

(b)

-1 1
_]ON

20

hx) = (2 - 2x = 32 - dx + 3)

(C) h(x) — ¥ =2x=3 _ (x=3)(x+D) _ x+1

2_dx+3  (x=3)(x-D) T x-l

if x # 3, and lim

x—3 7

x+l _ 341 _ 4

31 2

Copyright © 2018 Pearson Education, Inc.
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71 (@) f(x)=(7=D/(x[-1)

oS 159 )5 Jol& o1 54kls

x -1.1__-1.01 _—1.001 =1.0001 —1.00001 —1.000001
S| 21 201 2.001  2.0001  2.00001 2.000001
x -9 —99 —999  —-9999  —99999  —.999999
SO 119 199  1.999 1.9999  1.99999  1.999999
(b)
Yy
2
|
|
Lo
| &) =2 =/(x| - 1)
H X
-1 1
- %z}ﬁl,xZOandx#l
c x)=f—= ,and lim (1-x)=1-(-1)=2.
O TOTE T wmmon ) ganp i O 7D
—(x+1) >
72. (a) F(x)=(x>+3x+2)/(2—|x))
x —2.1 —2.01 =2.001 —2.0001 —2.00001 —2.000001
F(x) | -1.1 -1.01 =1.001 -1.0001 =1.00001 —1.000001
x -1.9 —1.99 -1.999 -1.9999 —1.99999 —1.999999
F(x) | -9 -99 —-999 —-9999  —99999  —999999
(b) ,
20
-é 2 A
—60 -
F(x) = (2 +3x + 2)/2 - |x])
. (x+2)(x+1) >0
(c) F(x)=Xt3xt2_) 2% ,and lim (x+1)=-2+1=—1.
I LG e T N
2+x ?
73. (a) g(0)=(sin6)/6
0 1 01 .001 .0001 .00001 .000001
2(0) | 998334 999983 999999 999999 999999 999999
i -1 -.01 -.001 —.0001  —.00001  —.000001
g(@) | 998334 .999983  .999999 999999 999999 999999

lim g(6)=1
6—0

Copyright © 2018 Pearson Education, Inc.
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Section 2.2 Limit of a Function and Limit Laws

(b)
y
1 .
y= smT() (radians)
Ll J [N Ll 0
~57 —47 =37 -2 0 ™27 37 4w S5m
NOT TO SCALE
74. (a) G(t)=(-cost)/t>
t 1 .01 .001 .0001  .00001  .000001
G(1) | 499583 .499995 499999 .5 .5 .5
t | —-.01 —.001 —.0001 -.00001 -.000001
G(1) | 499583 .499995 499999 .5 .5 5
lim G(¢) =0.5
t—0
(b)
I Gy = I—gosl
0.5
0.4
0.3
0.2
0.1
J).()I()(B I4J.()l()()] [ ().();)()I : 0.():)()3 !
Graph is NOT TO SCALE
75. lim f(x) exists at those points ¢ where lim x* = lim 2. Thus, == (1- 02) =0=c¢=0,1,0or-1.
x—c x—c x—c

Moreover, lim f(x)= lim x*>=0and lim f(x)=1lim f(x)=1.
x—0 x—0 x—-—1 x—1

57

76. Nothing can be concluded about the values of f, g, and / at x = 2. Yes, f(2) could be 0. Since the conditions

of the sandwich theorem are satisfied, lim f(x) =-5#0.
x—2

L f-s _pmSelins  lim s .
77 1:&5‘ -2 Tim x~Tim 2 -4 :>)£1_I>I}‘f(x)—5=2(1):)}1_rg‘f(x)=2+5:7.

lim f(x) lin}2 f(x)

78. (a) 1= lim L& —xo2” = lim_f(x)=4.
x>-2 @ lim y>m2
(b) 1= lim L& :{ lim L2 (x)} [lim l}:{ lim £ (x)} (&)= tim L2,
x—>-2 X x—-2 X x—-2% x—-2 X -2 x—-2 X

79. (a) O=3-0=|:lim —f({)z‘s} [lim (x—2)}= lim [(—f("_)f)(x—z)}: lim [ /(x)-5]
x—2 ¥ x—2 x—2 x x—2
=lim f(x)-5= lim f(x)=5.

x—2 x—2

(b) 0=4-0 :[lim M} [hm (x—Z)} = lim f(x) =5 as in part ().
x=2 x—2 x—2

x—2

Copyright © 2018 Pearson Education, Inc.
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2
80. (a) 0=1.0= [l1m S(x )} [lim x} [hm S )} [Hm xﬂ— lim [f(x) J— lim f(x).

x—0 x? x—0 x—0 x? x—0 x—0

That is, llm f(x)=0.

(b) 0=1-0= [hm f(z)} [lim x}: lim [f(zx) } lim £ . That is, lim fix)

x—0 X x—0 x—0L x x—0 * x—0

81. (a) lim xsinl=0 y
x—0 X

(b) —1<sin1 <lforx+0:
1

x>0=—x< xsm L<x= lim xsm; 0 by the sandwich theorem;
x—0

x<0=>-x2 xsm 1 > x= lim xsm% = 0 by the sandwich theorem.
x—0
82. (a) lim x> cos(i) =0 Y
. x—0 ’ \ 0.41 h(z) = 2% cos(1/z?)
/\ ! X
5l 1
-0.4
(b) —1<cos %) <1forx #0= —x> < x° cos (%) <x? = lim x? cos (%) = 0 by the sandwich theorem since

x x x—0 x

lim x* =0.

x—0

83-88. Example CAS commands:
Maple:

f=x>(x"-16)/(x-2),
x0:=2;
plot( f(x), x = x0-1..x0+1, color = black,
title ="Section 2.2, #83(a)" );
limit( f(x), x =x0);
In Exercise 85, note that the standard cube root, x*(1/3), is not defined for x<0 in many CASs. This can be

overcome in Maple by entering the function as f = x > (surd(x+1, 3) — 1)/x.

Mathematica: (assigned function and values for x0 and h may vary)

Clear([f, x]
fIx_J=(x> —=x> =5x =3)/(x +1)°
x0=-1;h=0.1;

Plot[f[x],{x, x0—h, x0+h}]
Limit[f[x],x — x0]

Copyright © 2018 Pearson Education, Inc.
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2.3

Section 2.3 The Precise Definition of a Limit

THE PRECISE DEFINITION OF A LIMIT

1 )
7

x
5

Step 1: |x=5|<d=>-0<x-5<5=>-0+5<x<5+5
Step2: 0+5=7T=0=2,0r-0+5=1=0=4.
The value of 6 which assures|x—5| <0 = 1< x <7 is the smaller value, 0 = 2.

—_
N =
~

Step 1: |x-2[<d=-0<x-2<6=>-0+2<x<5+2
Step2: —0+2=1=d=Lordo+2=7=9=5.
The value of & which assures|x—2| <0 = 1< x <7 is the smaller value, 6 =1.

(1 )
AY 7
=112 -3 =12

X

Step 11 [x—(-3)|<d=>-0<x+3<6=>-6-3<x<5-3
c 53=-1=o5=L or5-3=-1= =5
Step2: —6-3=-3=0=5,006-3=—5=0=73. ]

The value of § which assures |x - (—3)| <d=>—Lt<x< —% is the smaller value, & = 1.

2 2
D —+—} > X
_L 3 _1
2 -2 T2
. 3 3 3 3
Step 1: ’x_(_i)‘<5:>_5<x+5<5:>_§_5<x<5_3
Step 2: —é‘—l=—%:>§=2,or5—%=—%36=1.
The value of & which assures ’x - (—%)‘ <o= —% <x< —% is the smaller value, o =1.
( L 7 x
4/9 172 417

Step 1: ‘x—%‘<5:>—5<x—%<5:>—§+%<x<§+%
L5+ 1l=4 =1 1_4 =1
Step 2: 5+2 9:>§ 18,0r5+2 7:>§ T

4 < x <2 s the smaller value, & = -L..

The value of & which assures ‘x —%‘ <o=> 5 7 18

——

2.7591 3 3.2391

Step 1: [x=3|<d=>-0<x-3<5=>-0+3<x<d+3
Step2: —0+3=2.7591= 96 =0.2409, or 6 +3=3.2391= 6 =0.2391.
The value of & which assures |x—3| <0 =2.7591 < x <3.2391 is the smaller value, 6 = 0.2391.

Step 1: |x=5|<d=>-0<x-5<5=-0+5<x<5+5
Step 2:  From the graph, -0 +5=4.9=0=0.1, or 6 +5=5.1= 6 =0.1; thus 6 = 0.1 in either case.

Copyright © 2018 Pearson Education, Inc.
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8. Stepl: |x—(-3)<d=>-6<x+3<F=-0-3<x<06-3
Step 2:  From the graph, -0 -3=-3.1=20=0.,or6-3=-29= 6 =0.1; thus 6 =0.1.

9. Stepl: |x-l|<d=>-0<x-1<5= (5+1<x<5+1

Step 2:  From the graph, 5+1——:>5 0r5+1—1 =0==;thusd =

16’ 6 16’

10. Step1: [x-3|<d=>-6<x-3<5=>-0+3<x<5+3
Step 2:  From the graph, -6 +3=2.61= 5 =0.39, or 6 +3 =3.41= ¢ = 0.41; thus § = 0.39.

1. Stepl: [x-2/<6=>-0<x-2<5=-0+2<x<5+2
Step2: From the graph,~6+2 =3 = 8 =2-/3=0.2679, or 6 +2=~/5 = § = /5 -2 = 0.2361;
thus 8 =~/5-2.

12. Stepl: [x—(-D|<d=>-6<x+l<d=-6-1<x<5-1
Step 2: Fromthegraph,—5—1=—§35=%:0.1180r5—1=—g:>5=%:0.1340;
thus5=%.

13. Stepl: |x—(-D|<é= 5<x+1<5:> —O-l<x<d-1
Step 2:  From the graph, - —1=— 25 —~077 0r5—l———2 =0.36; thus 0 = —036

14. Step 1: ’x——‘<5:> ~S<x-l<s= -s+l<x<s+l

Step 2:  From the graph, §+1 =1l 5= l —~000248 oré‘+1 A=l

1 .
2.01 220 199 99 199 2~ 0.00251;
thus & = 0.00248.

15. Step I: [(x+1)=5]<0.01=|x-4/<0.01= -0.01 <x-4<0.01 = 3.99 < x <4.01
Step2: |x-4{<F=>-0<x-4<F=>-0+4<x<5+4=5=001.

16. Step 1: [(2x—2)—(-6)[<0.02=|2x+4|<0.02= —0.02 < 2x+4 < 0.02
= -4.02<2x<-3.98=-2.01<x<-1.99

Step2: |x—(-2)|<d=-0<x+2<5=>-0-2<x<6-2==001L

17. Step 1: ’\/x+1—1‘<0.l:>—0.1<\/x+1—l<0.1:>0.9<\/x+1 <1.1=08l<x+1<121

= -0.19<x<0.21
Step2: |x—0]<8=—-6<x<8.Then,—6=-0.19= & =0.19 or & = 0.21; thus, & = 0.19.

18. Step I: ’\/;—%‘<0.1:>—0.1<\/;—%<0.1:>0.4<\/;<0.6:0.16<x<0.36
Step 2: ’x—%‘<53—5<x—%<53—§+%<x<5+%.

Then —5+%= 0.16=5=0.09 or 5+%= 0.36 = § =0.11; thus § = 0.09.

19. Step 1: ’x/19—x—3‘<1:>—1<\/19—x—3<1:>2<\/19—x <4=4<19-x<16

=-4>x-19>-16=>15>x>30r3<x<15
Step2: [x-10|<d=-6<x-10<F=-5+10<x<5+10.
Then-0+10=3=0=7,0r0 +10=15= 6 =5; thus & = 5.
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20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Section 2.3 The Precise Definition of a Limit 61

\/x—7—4‘<13—1<\/x—7—4<1:3<\/x—7 <5=9<x-7<25=16<x<32

Xx-23<6=>-6<x-23<6=>-6+23<x<5+23.
Then-0+23=16=>06=7,0r0+23=32=>0=9;thusd =7.

l—l‘<0.05:>—0.05<l—l<0.05:>O.2<i<0.3:>m>x>m orld <« x<s.
T x4 X 2 3 Or3

x—4<8=>-0<x-4<5=>-0+4<x<+4.
Then—5+4=%oré‘=%,or0‘+4=5oré':l; thusé‘=%.

x2—3‘<0.1:>—0.1<x2—3<O.1:>2.9<x2 <3129 <x<+3.1

X - 3‘<5:>—5<x—\/§<5:>—§+\/§<x<5+\/§.
Then =5 +/3 =2.9 = 5 =3 -+2.9 = 0.0291, or § +/3 = /3.1 = & = /3.1 —/3 = 0.0286;

thus 0 = 0.0286

’xz —4‘ <05=-05<x*-4<05=35<x><45=+3.5 <|x|<v45= 45 <x <35,
for x near —2.

x=(-2)|<=-0<x+2<8=>-6-2<x<-2.
Then—-0-2=-45=0=+45-2=0.1213,0r 6 —2=-+/3.5=0=2-+3.5=0.1292;

thus 6 =+v4.5-2=0.12.

L_(— - 1 1.9 _4_ 10 _10 4 10 _10
- (1)‘<0.1:> O.1<x+1<0.1:> <3< To= 1 X>"gor—g<x<-.
x—(-D|<d=>-0<x+l<d=-0-1<x<5-1.

Then—&—lz—%:é‘z%,oré)‘— =—%:>5=ﬁ;thus§=ﬁ.

(x2—5)—11‘<1:>‘x2—16‘<1:>—1<x2—16<1:>15<x2<17:>\/E<x<\/ﬁ.
X—4<8=>-0<x-4<5=>-0+4<x<+4

Then -8 +4=+/15=6=4-+/15=0.1270, or § + 4 =17 = & =17 —4 = 0.1231; thus
5=17-4=0.12.

’@—5‘«:>—1<@—5<1:>4<m<6:>l>i>i:>30>x>20or20<x<30.
x x X 47 120" 6
x-24[<5=-0<x-24<5=>-0+24<x<5+24.

Then-0+24=20=0=4,0or0+24=30= 0 =6;thus = o = 4.

|mx = 2m| < 0.03 = —0.03 < mx — 2m < 0.03 = ~0.03+2m <mx <0.03+2m =2 -8B < y <2 4 003,

x-2|<d=>-0<x-2<8=>-0+2<x<d+2.

Then -5 +2=2-008 = 5§00 ' 542 =24003 - 5003 1y either case, § = L0
m m m m m

’mx—3m|<c:>—c<mx—3m<c:—c+3m<mx<c+3m:3—%<x<3+%

x-3|<d=>-0<x-3<F=>-0+3<x<5+3.

Then—5+3=3—%:>§=%,0r5+3=3+%:>5=%.Ineithercase,§=£.

m

—(m - _m —c+ m_1_c 1y
’(mx+b) (2+b)‘<03 c<mx =S <c=—ctT<mx<ctT=o- L <X<gt-

-tf<o=-d<x-l<s=-s+lcx<ol.

Then—-d+i=1-<c—=§=< orf+1=14+< = §==< Ineither case,d = <.
2 2 m m 2 2 m m m
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30.

31.

32.

33.

34.

35.

36.

37.

Chapter 2 Limits and Continuity

Step 1: |(mx+b)—(m + b)| < 0.05 = —0.05 < mx —m < 0.05=>-0.05+m < mx < 0.05+m

=1-005 < 14005,

m
Step 2: |x— 1|<5: S<x—-1<F=>-0+I<x<d+1.

Then-0+1=1- 005:>5 0?5,0r5+1=1+%:>5=%.Ineithercase,c5=0;25.

lim (3-2x)=3-2(3)=-3
x—3
Step 1: |(3-2x)—(-3)] < 0.02 = —0.02 < 6—2x < 0.02 = —6.02 < ~2x < ~5.98 = 3.01 > x > 2.99 or

299<x<3.01.
Step2: 0<|x-3|<d=>-0<x-3<F5=-0+3<x<5+3.
Then-0+3=2.99=0=0.01, or6+3=3.01= 0 =0.01; thus 6 =0.01.

lim (-3x-2)=(-3)(-1)-2=1

x— -1

Step 11 |(-3x=2)-1]<0.03=-0.03<-3x-3<0.03= 0.01 > x+1>-0.01 = -1.01 < x <—0.99.
Step2: |x—(-D|<d=>-6<x+1<d=>-0-1<x<o-1.
Then -6 —1=-1.01=> 6 =0.01, or § =1 =-0.99 = § = 0.01; thus & = 0.01.

. x2_4 (x+2)(x=2)
)}1_1:12 o —)}1_)2 -2 —hm (x+2)=24+2=4,x+2
2o (x+2)(x=2)
Step 1 -4/<0.05=-0.05< <Gy -4<0.05=395<x+2<4.05,x#2

:1.95<x<2.05,x¢2.
Step2: |x-2[<=-0<x-2<F=>-0+2<x<5+2.
Then-0+2=195=6=0.05 0or 6 +2=2.05= 6 =0.05; thus & = 0.05.

: 246x45 _ i (XA5)(x+D)
xlizgs%_ xli)_sw— hm (x+1)——4 x#—S

(x+5)(x+1)

<0.05= -0.05< r5)

Step 1: +4<005 =>-405<x+1<-395 x+-5

2
[ates)-co
= -5.05<x<-4.95, x #-5.
Step2: |x—(-5)|<d=>-6<x+5<F=>-0-5<x<5-5.
Then-0-5=-5.05=0=0.05,0rd —5=-4.95= 6 =0.05; thus 6 = 0.05.

lim VI-5x =\1-5(-3) =16 =4

x—-3

Step 1: ]\/1—5x—4‘<0.5:>—0.5<\/1—5x ~4<0.5=3.5<1-5x <45 =12.25<1-5x < 20.25
=11.25<-5x<19.25= -3.85<x<2.25.

Step2: |x—(-3)|<d=>-0<x+3<5=>-0-3<x<5-3.
Then -0 -3=-3.85=0=0.85,0ord -3 =-2.25=0.75; thus 6 = 0.75.

lim 4=2=2
x—2 %
5

. |4 10 10 _, 10 10 .5
Step 1: |2~ ‘<04:> 04<——2<04:>16< <24=4¢ Z>§:>T>x>zor§<x<3.
Step2: |x-2[<F=-F<x- 2<5: é+2<x<c)+2.

Then 5+2——:>5 or5+2——:>5 1;thus5=—

Step 11 [(9-x)—5|<e=>—e<d4-x<e=>-e—4<-x<e-4=e+d>x>4-e>4-c<x<4+e
Step2: |x-4/<F=-0<x-4<5=>-0+4<x<5+4.
Then-0+4=—-+4=0=¢c,0or0 +4=€e+4 = O =e¢. Thus choose o =«¢.
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38.

39.

40.

41.

42.

43.

44,

45.

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Section 2.3 The Precise Definition of a Limit 63

(Bx-7)-2|<e=>—-€<3x-9<e=9- €<3x<9+e=3-£<x<3+5.
x-3|<d=>-0<x-3<F=>-6+3<x<5+3.
Then—5+3=3—§:5=§,oré'+3=3+§:5=§.Thuschoose§=—

’\/x—5—2‘<63—6<\/x—5 D<em2—e<x-5<2+e = (2—€¢)? <x-5<2+¢)

= (2-6)2+5<x<(2+6) +5.

[x=9|<d=>-0<x-9<F5=-0+9<x<I+9.

Then -8 +9 = €2 —4e+9:>§=4e—62, or 6+9=c%+4c+9= & = 4e + 2. Thus choose the smaller
distance, 0 = 4¢ — e2.

’\/4—x—2‘<e:>—e<\/4—x—2<632—e<\/4—x<2+e :(2—6)2 <4—x<(2+e)2

= —2+e) <x-4<—-2-6 = -2+ +d<x<—(2—¢)? +4.

[x-0|<d=>-6<x<8.

Then—6=—(2+e)2+4=—62 —4e:>5=4e+62,or§=—(2—e)2+4=4e—62.Thus choose the

smaller distance, 0 = 4¢ — €.

Forx#l,‘x2—1‘<e:—e<x2—l<e:>l—e<x2<l+e =>A1-€ <|x|< I+e

=A+l—€e<x<A+l+€near x=1.
x-1|<d=>-0<x-1<S=>-0+l1<x<d+l

Then-0+1=+1-e =>0=1-+1-€,or0+1=+1+€ = d=+/1+¢€—1. Choose

o= min{l —1l-€e,N1+e— l}, that is, the smaller of the two distances.

-2, x2—4‘<63—6<x2—4<e:>4—e<x2<4+6:> 4—¢ <|x|<«/4+6:>—\/4+6<x

<—/4—€ near x = -2.

x=(-2)|<d=-0<x+2<8=>-0-2<x<-2.
Then—5—2:—\/m:>§=x/4_+e—2, ord—2=—J4—e=5=2—4—¢. Choose
5:min{\/m—2,2—x/n}.

H—l‘<e:> —e<di-lceml-e<dclres ax<

x-1|<d6= 5<x l<d=>1-0<x<1+0.

Thenl-06 = —35—1—1 =< orl+o= —:>5 L—1=L.
+e l+e’ l—¢ 1—¢

Choose § = -, the smaller of the two dlstances

1 1

<e=-e<h-% 1

1 1_ Ll 1-3¢
3 3 <€=> 3 e< < 3+-E:3 3 2

X
3 2
= 5> > =T <M< S o <<y forxnear*/—
’x—\/g <d=>-0<x-B<5=>B-5<x<3+6.
_ [3 - [3 - [3 _ [3
Then~/3 -6 = l+363§—\/§— m,or\/g+§— > 0= 1_36—\/5.

Choose 5=min{\/§— 1+336, 1/1_336 —\/3}

2
(52)-co
x=(-3)|<d=>-0<x+3<5=>-0-3<x<d-3.
Then-0-3=—-€-3=d=¢,0r0-3=e—-3= 0 =c.Choose d =e.

1 1+3e

1 _
- <5< —F

<e=>—e<(x-3)+6<e,x#+3=>-€<x+3<e=>-€-3<x<e-3.
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64

46.

47.

48.

49.

50.

51.

52.

53.

54.

Chapter 2 Limits and Continuity

Step 1: <em—e<(x+)-2<e, x#tl=>l-e<x<l+e

x—1

xz—l)_z

Step2: [x-1|<d=>-0<x-1<d=>1-8<x<1+0.
Thenl-0=1-e=>d0=c,orl+0=1+¢ = O =¢€. Choose 0 =e.

Step 11 x<L|(4-2x)-2|<e=0<2-2x<e since x <1. Thus, 1 - £ < x < 0;
x21:|(6x-4)-2|<e=0<6x-6<esince x> 1. Thus, I Sx<1+E.

Step2: |x-1|<d=>-F<x-1<F=>1-0<x<1+0.
Then1—5=1—%:>§=§,0r1+0'=1+%:>§=%. Choose§=%.

Step 1: x<0:[2x-0]<e=-e<2x<0=>-5<x<0;
xZO:%—O‘<e:0Sx<2e.

Step 2: ’x—0|<5:—5<x<§.
Then—&z—%:5=%,0r5=2e:>5=26.Choose5=%.

By the figure, —x < xsind < x for all x > 0 and —x > xsind > x for x < 0. Since lim (=x) = lim x =0, then by
X X x—0 x—0

the sandwich theorem, in either case, lim xsinL = 0.

x—0

2<y? sin% < x? for all x except possibly at x = 0. Since lim (—xz) = lim x% = 0, then by the

x—0 x—0

By the figure, —x

2 1 _

sandwich theorem, lim x sin; =0.

x—0

As x approaches the value 0, the values of g(x) approach k. Thus for every number € > 0, there exists a ¢ >0
such that0<|x—0| <0=> ’g(x)—k| <e.

Writex:h+c.Then0<|x—c|<5<:>—é'<x—c<é',x7ﬁc<:>—5<(h+c)—c<é',h+c;ﬁc<:>—§<h<5,
h#0 & 0<|h-0/<d.

Thus, lim f(x) =L < for any € > 0, there exists J > 0 such that ’f(x) —L| < € whenever 0 < |x - c| <de
X—C

| f(h+c)—L| < € whenever 0<|h—0|<5<:>]11m f(h+c)=L.
—0

Let f(x) = x2. The function values do get closer to —1 as x approaches 0, but lim f(x) =0, not —1. The
x—0

function f(x) = x? never gets arbitrarily close to —1 for x near 0.

Let f(x)=sinx, L= %,and X = 0. There exists a value of x (namely x = %) for which ’sin x— %‘ < ¢ for any
given e > 0. However, lig:) sinx =0, not%. The wrong statement does not require x to be arbitrarily close to x;.
As another example, lgt g(x) = sin%, L= %, and x, = 0. We can choose infinitely many values of x near 0 such
that sin% =% as you can see from the accompanying figure. However, iirb sin% fails to exist. The wrong
statement does not require all values of x arbitrarily close to x; = 0 to lie withine >0 of L = % Again you can

1

see from the figure that there are also infinitely many values of x near 0 such that sin% =0. If we choose € < 2

we cannot satisfy the inequality ’sin% - %‘ < e for all values of x sufficiently near x;, = 0.
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55.

56.

57.

58.

59.

Section 2.3 The Precise Definition of a Limit 65

=sin 1
y =sin ¢

x\2 nx’ 4 2_4
|4-9]£0.01= ~001<7(3) ~920.01= 8.99 <™ <9.01= 4 (8.99) <x> <4 (9.01)

=2 % <x<2 % or 3.384 < x <3.387. To be safe, the left endpoint was rounded up and

the right endpoint was rounded down.

V= RI:——I: F-5<0.1= 01<120 5<0.1=49< %35.1:1

(=)

R 51
120 —

S
%

N
O
W
—_

= (1295)1(10) <R< “23)9(10) 23.53< R<24.48.

To be safe, the left endpoint was rounded up and the right endpoint was rounded down.

(a)

(b)

(©

(b)

(©

(b)

(©

~0<x-1<0=1-6<x<1= f(x)=x Then|f(x)-2|=|x—2|=2-x>2-1=1.Thatis,
|f(x) 2|>1> no matter how small ¢ is taken when 1 — 5<x<1:>11m f(x)#2.

0<x-1<d=1<x<1+8= f(x)=x+1. Then|/(x)-1|=|(x+1)- l|—|x|—x>lThat1s |f(x0)-1]=1
no matter how small ¢ is taken whenl< x<1+9 Dhm f(x)#1.

0<x-1<0=>1-0<x<1= f(x)= xThen|f(x) 15| |x-1.5=1.5-x>15-1=0.5.
Also,0<x—-1<8=1<x<1+8= f(x)=x+1.Then|f(x)-1.5|=|(x+1)—1.5|=|x—0.5|

=x—-0.5>1-0.5=0.5. Thus, no matter how small § is taken, there exists a value of x such that
~§<x-1<& but|f(x)-1.5| z%: lim f(x)#1.5.
x—1

For2<x<2+§:>h(x):2:>|h(x)—4|= > ¢ whenever 2 < x < 2 4+ 6 no matter

how small we choose 6 >0 = lim A(x) # 4.
2

X—>
For2<x<2+§:>h(x)=2:>|h(x)—3|=1<Thus fore<1,|h(x)—3|Zewhenever2<x<2+5nomatter

how small we choose 6 > 0= lim A(x) # 3.
x—2

For2-0<x<2= h(x)= x> s0 ’h(x) - 2| = ‘xz - 2‘. No matter how small ¢ > 0 is chosen, x? is close to 4
when x is near 2 and to the left on the real line = ‘xz - 2‘ will be close to 2. Thus ife <1, |h(x) - 2| e

whenever 2 — 0 < x < 2 no matter how small we choose > 0= lim A(x) # 2.
x—2

For3-8<x<3= f(x)>4.8=|f(x)—4=0.8. Thus fore < 0.8,| f(x)—4|> ¢ whenever3—d <x<3no
matter how small we choose d > 0= lim f(x) # 4.
xX—>

3
For3<x<3+8= f(x)<3=|/(x)—4.8/21.8. Thus fore <1.8,| f(x)—4.8| > ¢ whenever 3< x <3+
no matter how small we choose 6 > 0 = hm f(x)#4.8.

For3-8<x<3= f(x)>48=|f(x)— 3|>18Aga1n fore <1.8,| f(x)—3|= € whenever 3-8 <x <3 no
matter how small we choose d > 0= lim f(x) # 3.
x—3
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66 Chapter 2 Limits and Continuity
60. (a) No matter how small we choose ¢ > 0, for x near —1 satisfying -1 -9 < x < -1+, the values of g(x) are
near | = |g(x) - 2| is near 1. Then, fore = % we have |g(x) - 2| > % for some x satisfying—1-0 <x <-1+9,
or0<|x+1 <= lim g(x)#2.
x—-1
(b) Yes, lim g(x)=1because from the graph we can find a § > 0 such that ]g(x) - 1| <eif0< |x - (—1)| <.
x——1
61-66. Example CAS commands (values of del may vary for a specified eps):
Maple:
f=x > (x"4-81)/(x-3);x0 :=3;
plot( f(x),x=x0-1..x0+1, color=black, #(a)
title="Section 2.3, #61(a)" );
L = limit( f(x), x=x0); #(b)
epsilon :=0.2; #(c)

plot( [f(x), L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,

color=Dblack, linestyle=[1,3,3], title="Section 2.3, #61(c)");

q = fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1); #(d)

delta = abs(x0-q);

plot([f(x), L-epsilon, L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)");
for eps in [0.1, 0.005, 0.001 ] do #(e)

q = fsolve( abs( f(x)-L ) = eps,x=x0-1..x0+1);

delta := abs(x0-q);

head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta );
print(plot( [f(x),L-eps, L+eps], x=x0-delta..x0+delta,

color=black, linestyle=[1, 3, 3], title=head ));

end do:

Mathematica (assigned function and values for x0, eps and del may vary):

Clear(f, x]

yl:=L—eps; y2:=L+eps; x0=1;

flx_|= (3x2 —(7x+1D)Sqrt[x]+5)/(x—1)

Plot[f[x], {x, x0—-0.2, x0+0.2}]

L: = Limit[f[x], x — x0]

eps =0.1;del =0.2;

Plot[{f[x], y1, y2}, {x, x0—del, x0+del}, PlotRange — {L —2eps, L + 2eps} |

24 ONE-SIDED LIMITS

1. (a)
(e)
(1)

2. (a)
(e)
(i)

True (b) True (c) False (d) True
True () True (g) False (h) False
False (j) False (k) True () False
True (b) False (c) False (d) True
True () True (g) True (h) True
True (j) False (k) True
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(b)
(©
(d)

(b)
(©
(d)

(b)
(©

(b)
(©

Section 2.4 One-Sided Limits 67
lim f(x) =2+1 =2, lim f(x)=3-2=1
No 11m f(x) does not ex1st because lim f(x)# lim f(x)
x—2* x—2"
hm f(x) S+1=3, hm f(x)=3+1=3
x—4
Yes, 11m f(x)=3 because 3=1lim f(x)= hm f(x)
x—4" —4*
hm f(x)= —1 hm f(x)=3-2=1, f(2)=2
Yes hm f(x) =1 because 1= lim f(x)= hm f(x)
x—2%
hm f(x) 3-(-1)=4, lim f(x) 3- ( 1) 4
x—>—1" x—>—
Yes, llm f (x)=4Dbecause 4= lim f(x)= lim f(x)
x—-1" x——1F
No, lim f(x) does not exist since sm( ) does not approach any single value as x approaches 0
x—0"
lim f(x)= lim 0=0
x—0" x—0"
lim f(x) does not exist because lim f(x) does not exist
x—0 x—0"
Yes, lim g(x) =0 by the sandwich theorem since —Jx< gx)< Jx when x>0
x—0"
No, lim g(x) does not exist since v/x is not defined for x < 0
x—0"
No, lim g(x) does not exist since lim g(x) does not exist
x—0 x—0"
(b) lim f(x)=1= lim f(x)
Y x—1" x—1*
L y_{x3, x#1 (¢) Yes, lim f(x)=1since the right-hand and left-hand
“lo, x=1 x—1
. . . limits exist and equal 1
-1 1
_1 -
() lim f(x)=0= lim f(x)
y vz{] —2 a1 x—1* x—1
2, x=1
b (¢) Yes, lim f(x) =0 since the right-hand and left-hand
x—1

/"\ limits exist and equal 0
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10.

11.

13.

14.

15.

16.

17.

Chapter 2 Limits and Continuity
(a) domain:0<x<2 Vi-x2, 0<x<1

range:0< y<land y=2 y=11, 1<x<2
(b) lim f(x) exists for ¢ belonging to (0, 1) U (1, 2) Lo =2

X—C 2+ )
(c) x=2
(d x=0

1|>\._O
o 5 2

(a) domain: —eo < x < oo A

range: —1< y <1 ok
b) lim f(x) exists for ¢ belonging to
(b) lim S (x) ging A

(—oo’ - 1) % (_15 l) o (1’ oo) > 0 4—‘—?} > x
(¢) none T L
(d) none

2+
x, -1<x<0or O0<x<1
y= { I, x=0
0, x<-lorx>1

tm 27 = [R53 = 1E =5 2. tim [ = i =0 =0

x—-0.5"

: x ) (2x45) _ (=2 2(=2)+5 | _ 1) _
xglzlr(x“) (x2+x)_( 2+1) (( —2)2+(— 2))_(2)(2)_1
1 +6) (3=x)_(_L\ (1+6) (3=1\_ (1) (Z) (2)—
tim () (+22) (352)=(55) (59) (53)=(3) (}) (3)=1
lim VK +4h+ VR +4h+5-5 _ lim (\/h +4h+5—\/—j [\/h2+4h+5+\/—j_ lim (1> +4h+5)-5
h—0* h—0" h VW2 +ant5+45 ) oot h(x/h2+4h+5+\/§)
- lim h(h+4) __0+4 _ 2
h—0" h(\/h2+4h+5+\/§) V55 s
lim Y6=VSh+1lht6 _ i (\@—\/Sh2+11h+6) (\@+\/5h2+11h+6j
h—0 h h—0" h J6+5h2 +11h+6
iy _6GRHIAe) —h(Sh+1) _ _ —(0+1) _ _ 11

h—0~ h(\/€+\/5h2+11h+6) h—0~ h(JE+\/5h2+11h+6) V66 26

(a) lim (x+3)‘ ‘: tim (x+3)(x+2) (x+2| = (x +2) for x > -2)
x—-2% x—> (x+2)
= him (x+3)=((-2)+3) =1
x—-2*%
b) lim (x +3)‘ A tim (x+3)[_(x+22)] (42| = —(x+2) for x < -2)
x—=2" x—=2" (x+2)
= lim (x+3)(-1)=—(-2+3)=-1
x—-2"
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Section 2.4 One-Sided Limits

@ lm Jz‘_fc(j“l) = tim_ @(j)‘ D (e—1|= x—1 for x> 1)
x— x——
= lim V2x=+2
x—-1*
® lim % = lim Jf_z‘;fl‘)” (x—1=—(x~1) for x < 1)
X—> X—>
= lim —v2x=—/2
x—1

(a) If 0<x<Z, then sinx>0, so that hm B iy i = i 1=

O+ sinx X—>0+ sinx x_>0+
b) If =% <x<O then sinx <0, sothat lim M: lim =82Y = |im —1=-1
(b)
x—0~ SIMX o7 SIX x—0"
(a) If0<x<” then cosx <1, so that llm docosx — lim —L—cosx lim cosx — fjm 1=1
ot [ \ 0S X— 1\ 0t —(cosx—1) —0* 1—cosx 0t
(b) If =ZZ<x<0, then cosx<1, sothat lim M— lim Lxl— lim -1=-1
2 Y0~ ‘osx 1‘ 0™ —(cosx—1) 0
- 19] 10
(a) lim Ed=3=1 (b) lim =4=2
o3t 0 3 o3 ¢ 3
@ lim (-|r))=4-4=0 (b) lim (t—|¢])=4-3=1
t—4 t—4
lim $2Y20 _ i Sinx _ 1 (where x = +/26)
00 20 x50 ¥
lim SIDKL = [jm KSINKL _ iy Ksin® _ g Jjm ¥=k~1=k (where 6 = kr)
=0 50 M 6—0 6—0
lim $03Y _ 1 iy 3S03V 3 ) SISV _ 3 pjpy sing 3 (where 0 = 3y)
o0 A Ay 3y 40 3 4p0 00 4
b — i (1.3 \=1 111 |_14-1
Jim g = im (3ske)=3 JHim (232} 3| Thim s |73 =3 (where 6 = 34)
00"
(qux) )
lim 802X = Jjpy e/ — iy SIN2X iy lim 28in2x | 1.2 =2
x—0 * x—0 X x—0 xC0s2x x—0 cos 2x x—0 2x

COSI)

lim 24 = 2 lim —L— = 2 lim ££95¢ = 2| lim cos? 1 |=2.1-1=2
{0 tant t—0 (“m t—0 S’ t—0 lim S22
t—0

XCSC2X _ 13 x 1 : 1 —(1. 1
ii% cosSx if})(smbc cos5x) (2;;0 sm2x) (if}) cosij (2 1) (1) 2

. . 2 .
lim 6x° (cot x)(csc2x) = lim f’x#."szx = lim (3 cosx-
x—0 x—( SIMXSIM2X 50

) 3.1.1=3

sinx sin 2x
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70 Chapter 2 Limits and Continuity

31, lim Xtxcosx _ ( x xcosx )= ( x 1 ) x
" 40 Sinxcosx g \sinxcosx ' sinxcosx 0 \SinX cosx/ i sinx
= lim | L ~1im( ! )+11 =()(1)+1=2
x—=0\ 7y ) x—0 V0S¥ —0
o x? —x+sinx _ {; x_1_,1(sinx
32 lim =3 )111)1})(2 Ly L(sine )) Lilmy=o0
33. lim 1-cos@ _ ; (I-cosO)(1+cosf) _ ;. 1—cos* @ : sin® @

1 o (2sinfcosF)(1+cosb)

IH}) (2sin @ cos B)(1+cos 0) N

o sin26 n}) (2sin@cos B)(1+cos ) N

60—

_ 1 sin @ 0 _
= ;ﬂ}) GeosO)(l+cosd) ~ )@ = 0

x(l-cos x) 1—cos. 1 {im (Lzcosx 1

34, lim A=xeosx _ [y X008 02 g o0 fin (52) 40 _

x—0 sin”3x x—0 sin“3x x—0 sin”3x x—0 (M)z lim (M)z 12

9x2 3x x—0 X

34, Jim Sn0=e0s) _ 10, sinf — | since @ =1—cost —> 0ast—>0

1—0 1eost g5 O

. h i . .
36. lim &H;l)— lim $2€ = {gince @=sinh—>0ash— 0

h—0 S 00

sinf _ sind 20\ _1y; sinf, 20 \_1.1.1=1

37. élao sin 260 ;%(51n20 2(9) 2;12})( 0 sin2¢9) 2 11 2

s sinSx _ sinSx 4x 5)_51; sinSx,_4x \_5.1.1=5

38. )12}) sin4x_igz)(sin4x 5x 4) 4)121)( 5x Sin4x) 4 1-1 4

39. lim f#cos@=0-1=0
6—0

40. lim sin@cot 26 = lim sin #2520 = |im sin 0520 __ — [|jjy 0520 _
6—0 6—0 sin26 gy 2sinfcos 9H02cos¢9 2

41, lim f3x - i (
’ v Sin8x  ~Jo\cos3x sin8x

)11—>0(00513x)(8h31$x) (sifl)éx) =%'1'1'1 =%

sin3x 1 — 1 sin3x 1 8.3
) lﬂ)(cos}x sin8x 3x 8)

4 1 sin3ycotSy _ im sin3ysin4ycosSy _ lim (sm3y) (sm4y) (cosSy) (3-4-5y)

10 yceotdy Y0 ycosdysinSy y0\ Y cos4dy sinSy 345y
- lim sin3y sin4y Sy cos5y (ﬁ)=1-1'1~1-222
=0 3y 4y sinSy cos4y 5 5 5
0 cort in 0sin 30 in30 3
43, lim 202 = |jm 0 = |jy —SINESINSC — iy ( ) (Sm ) ( ) (1 (—):
6—0 0% cot36 6—0 0> 2;’;;3 6—0 6% cos O cos 36 68—0 30 00590053‘9 () 11
40 : H
44 lim gc0t4g - giﬁfﬁ T Ocos40sin220 _ im t9cos46(2sm9cost9)2 — i 0 cos 40(4sin>0cos>0)

00 sin’0cot’20 90 sin20 cosj 20 90 sin’Ocos’20sin40 g0 sin’Ocos’20sindl 0 sin’Ocos>20sin 40
sin“ 26

li 46 cos 46 cos>0 . 46 cos46cos’0 . 1 cos460cos’0 1\ (112
=am e = lim | 2 = lim m45 T 25, :(_) 2 =1
00 cos>20sindd  g_s( \sin4d cos~26 0—0 | 2% cos26 1\ 1
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45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.
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e 1=c083x _ {54y 1=cos3x  1+cos3x _ ; l—cos?3x _ 1 sin?3x  _ 3 .sin3x  _sin3x
il_l?o 2% il_l?o 2 lrcosdx 00 2x(l+cos3x) | g 2x(1+cos3x) if%) 2 73x Trcos3x
— 3 .sin@,_sinf _ 3 0\ _ —
= ;llﬁ) 27760 Treosd 2(1)(1+1) 0 (Where 6=3x)
lim cos x—cosx _ - lim cosx(cosx—1) - lim cosx(C(z)sx—l) ccosx+l _ 1 coszx(cos2 x-1) - lim cosz)o(—sin2 X)
x—0 X x—0 X x—0 X cosx+l v 50 x%(cosx+1) x—0 x"(cosx+1)
—1i _sinx sinx  _cosx | _ _ O D §
_ig%{ X X cosx+1} (1)(1) 1+1 2

Yes. If hm f(x)=L= lim f(x),then lim f(x)=L.If hm f(x)# lim f(x), then hm f(x) does not

x—a* x—a xX—a x—a* x—a
exist.

Since lim f(x)= L if and only if hm f(x)=L and lim f(x)=L, then hm f(x) can be found by

X—C x—c* x—c”

calculating hm f(x).

X—)C

If fis an odd function of x, then f(—x) =—f(x). Given lim f(x)=3,then lim f(x)=-3.
x—0* x—0"

If fis an even function of x, then f(-x) = f(x). Given lim f(x)=7then lim f(x)=7.However, nothing

x—2" x—-2"F
can be said about lim f(x) because we don’t know lim f(x).
x—=2" x—2*

I=(5,5+0)=>5<x<5+0.Also,Nx-5 <e=>x-5<e* = x<5+¢*. Choose 8 = e¢*= lim Jx—5=0.

x—5*

[=(4-8,4)=4-5<x<4. Also,Nd—x<ec=4-x<e> = x>4—¢c>.Choose § == lim J4—x =0.

x—4"

As x — 0" the number x is always negative. Thus, <e=>

i ‘ -(=1) _ix+ 1‘ <€ = 0 < e which is always true
independent of the value of x. Hence we can choose any d > 0 with—0 < x <0 = lim ﬁ =-1.
x—0"

;%% - 1‘ < e = 0 < e which is always true so

Since x — 2°* wehavex>2and|x 2| xX— 2Then‘ 3

x—=2 1‘=

x=2 -1

=

<e. Thus, lim X2 =1.
NS ‘x—Z‘

long as x > 2. Hence we can choose any 0 >0, and thus 2<x <2+ =

(@) lim | x|=400.Just observe that if 400 < x <401, then | x | = 400. Thus if we choose & = 1, we have for
x—400"

any number ¢ > 0 that 400 < x < 400+ 6 = | x |- 400| =|400-400| =0 <.

(b) lim LxJ =399. Just observe that if 399 < x < 400 then ij =399. Thus if we choose 0 =1, we have for
x—400"
any number e > 0 that 400 — 5 < x <400 = | x |-399| = [399-399| = 0 <.

(¢) Since lim |x|# lim |x]|we conclude that lim LxJ does not exist.
x—400* x—400~ x—400

(@ lim f(x)= lim Jx=+0= O‘\/;—O‘<6:>—e< x<e:0<x<62forxpositive.Choose:é'=e2
x—0* x—0*
= lim f(x)=0.

x—0*
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2.5

10.

11.

12.

13.

15.

16.

17.

Chapter 2 Limits and Continuity

(b) lim f(x)= lim x> sin(1)=0by the sandwich theorem since —x2

< szsin(l)szforallx;EO.
x—0 x—0"

x
Since ’xz —0‘ = ‘—xz - O‘ = x* < ¢ whenever |x| < \/; we choose § = e and obtain ’xz sin (%) - 0‘ <e
if -0 <x<0.

(c) The function f'has limit 0 at x,, = 0 since both the right-hand and left-hand limits exist and equal 0.

CONTINUITY

. No, discontinuous at x = 2, not defined at x = 2

No, discontinuous at x =3,1= lim g(x)# g(3)=1.5
x—3"

Continuous on [—1, 3]

No, discontinuous at x =1,1.5= lim k(x)# lim k(x)=0
x—1 x—l1*

(@) Yes () Yes, lim f(x)=0
x——1"

(¢) Yes (d) Yes

(@) Yes, f(1)=1 (b) Yes, 1im1 f(x)=2

(c) No (d) No

(a) No (b) No

[-LOoO)yu(O,Hud,2)u(2,3)

f(2)=0,since lim f(x)=-2(2)+4=0= lim+ f(x)

x—2 x—2

f(1) should be changed to 2 = lim f'(x)
x—l

Nonremovable discontinuity at x =1 because lim f(x) fails to exist ( lim f(x)=1and lim f(x)=0).
x—1 x—l1" x—1*

Removable discontinuity at x = 0 by assigning the number lim f(x) =0 to be the value of f(0) rather
x—0
than f(0)=1.

x—l x—1 x—1
Removable discontinuity at x = 2 by assigning the number lim f(x) =1to be the value of f(2) rather than

x—2
f(2)=2.

Nonremovable discontinuity at x =1 because lim f(x) fails to exist ( lim f(x) =2 and lim+ f(x)=1.

Discontinuous only when x-2=0=x=2 14. Discontinuous only when (x + 2)2 =0=x=-2
Discontinuous only when X’ —4x+3=0= (x=3)(x-1)=0=>x=30orx=1

Discontinuous only when x> -3x-10=0= (x=-5)(x+2)=0=>x=5o0orx=-2

Continuous everywhere. (Jx — 1]+ sin x defined for all x; limits exist and are equal to function values.)
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vozhaco.ir 159 53 Jol” o6 sgbls

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Section 2.5 Continuity 73
Continuous everywhere. (x| +1 # 0 for all x; limits exist and are equal to function values.)
Discontinuous only at x =0

Discontinuous at odd integer multiples of Z, i.e., x = (2n—1)Z, n an integer, but continuous at all other x.

Discontinuous when 2x is an integer multiple of 7z, i.e., 2x = nz, n an integer = x = %, n an integer, but

continuous at all other x.

Discontinuous when % is an odd integer multiple of Z, i.c., % =(2n-1)Z,n an integer = x =2n—1,n an
integer (i.e., x is an odd integer). Continuous everywhere else.

Discontinuous at odd integer multiples of Z, i.e., x = (2n—1)Z, n an integer, but continuous at all other x.

2 2

Continuous everywhere since x*+1>1and-1<sinx <1=> 0<sin? x <1=> 1+sin® x > ; limits exist and are

equal to the function values.

Discontinuous when 2x+3 <0 or x < —% = continuous on the interval [—%, oo).

Discontinuous when 3x—1< 0 or x < % => continuous on the interval [%, oo).

1/3

Continuous everywhere: (2x —1)"'~ is defined for all x; limits exist and are equal to function values.

Continuous everywhere: (2 — x)l/ 3 is defined for all x; limits exist and are equal to function values.

Continuous everywhere since lim 2?26 _ iy OIOFD _ iy (x+2)=5=¢g03)
x—=3 T x—3 x-3 x—3

Discontinuous at x = -2 since lim f(x) does not exist while f(-2) =4.
x—-2

lim sin(x —sin x) = sin(7 —sin ) = sin( — 0) = sin 7 = 0, and function continuous at x = 7.
X—T

A

> ) =1, and function continuous at ¢t = 0.

tli_l)l(l) sin(% cos(tant)) = sin(%cos(tan(O))) = sin(% cos(O)) = sin(

lim sec(y sec? V- tan’ y—1)=lim sec(y sec? V- sec? y)=lim sec((y-1) sec? y)=sec((1-1) sec? )=
y—l y—l y—l

sec0 =1, and function continuous at y =1.

lim tan [%cos(sin X3 )] = tan [% cos(sin(O))] = tan(% cos(O)) = tan(%) =1, and function continuous at x = 0.
x—0

=cos—Z =cosZ = %, and function continuous at ¢ = 0.

T
S| — C
[«/19—3 secO:l 16 4

lim cos

z
t—0 |:«/19—3 sec 2t :|
lim \/0502 x+53tanx = \/cscz (%) +5V3 tan (%) = [4+ 5\/3(%) =9 = 3, and function continuous

y4

X—)6

atx=2Z.
6
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37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

Chapter 2 Limits and Continuity
g() =22 = OO _ i3 323 g(3) = lim (x+3)=6
36 o8
h(r) =1 +3f 10 - 72 _y 15 420 = h(2) = lim (t+5)=7
-2 t—2

_ 5ol (sG] | P _ +s+1) _ 3
T = ="y = e SFI= /D= 11_%}(S . ) 2

__x*-16 _ (x+H(x—4) _ x+4 _ +4\_8
g(x)= 2 ava  =A)rD) | x4l2 ¥ x#4=g(d)= hm (§+1) 5

As defined, lim f(x)= (3)2 —1=8and lim+ (2a)(3) = 6a. For f(x) to be continuous we must have
x—3" x—3

4

6a=8:>a=§.

As defined, lim g(x)=-2and lim g(x)=>b(— 2) =4b. For g(x) to be continuous we must have
x—-2" x—-2"

_ __1
4h=-2=b=-1.

As defined, lim f(x)=12 and lim f(x)= a2(2) —2a=2a* - 2a. For f(x) to be continuous we must have
x—2" x—2*

12=2a*-2a=a=3ora=-2.

As defined, lim gx)=22 bel

=3l b and hm g(x)= (0) +b =b. For g(x) to be continuous we must have
—0*

b+1 b:>b Oorb—

As defined, lim f(x)=-2and lim f(x) a(-1)+b=-a+b, and llm f(x)=a(l)+b=a+band

x—-1" x——1"

lim f(x)=3.For f(x) to be continuous we must have -2 =—a+5b and a +b 3=a= 5 andb=1
x—l*

As defined, lim g(x)=a(0)+2b=2band llm g(x)= (0) +3a—-b=3a-b,and lim g(x)= (2) +3a-b=

x—0" —0" x—2"
4+3a—-band lim g(x)=3(2)-5=1.For g(x) to be continuous we must have 2b =3a—-b and4+3a-b=1=
x—>0
a= —3 and b =

f(x) is continuous on [0, 1]and f(0)<0, f(1)>0=
by the Intermediate Value Theorem f'(x) takes on
every value between f(0) and f (1) = the equation
f(x) =0 has at least one solution between x =0

and x =1.

cosx=x3(cosx)—x=0.lfx=—2,005( 2)—(——)>Olfx— cos( )—%<0.Thuscosx—x=0for

2

some x between —% and % according to the Intermediate Value Theorem, since the function cosx —x is

continuous.

Let f(x) = x> —15x+ 1, which is continuous on [—4, 4]. Then f(—4) =-3, f(-1) =15, f(1)=-13, and f(4) =5.
By the Intermediate Value Theorem, f(x) =0 for some x in each of the intervals -4 < x < -1, -1 < x <1, and
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l<x<4. Thatis, x> —15x+1=0 has three solutions in [-4, 4]. Since a polynomial of degree 3 can have at
most 3 solutions, these are the only solutions.

Without loss of generality, assume that a < b. Then F(x) = (x— a)2 (x— b)2 + x is continuous for all values of x,
so it is continuous on the interval [a, b]. Moreover F'(a) = a and F(b) = b. By the Intermediate Value Theorem,
a+b a+b

since a < o< b, there is a number ¢ between a and b such that F(x) = >

Answers may vary. Note that f is continuous for every value of x.

(a fO)y=10, f()= P - 8(1)+10 = 3. Since 3 < 7 < 10, by the Intermediate Value Theorem, there exists a ¢ so
that0<c<land f(c)=7.

(b) f(0)=10, f(-4) = (—4)3 —8(—4)+10 =-22.Since —22 < —/3 <10, by the Intermediate Value Theorem,
there exists a ¢ so that -4 <c <0 and f(c) = 3.

(¢) f(0)=10, £(1000) = (1000)3 —8(1000)+10=999,992,010. Since 10 < 5,000,000 < 999,992,010, by the
Intermediate Value Theorem, there exists a ¢ so that 0 < ¢ <1000 and f(c) =5,000,000.

All five statements ask for the same information because of the intermediate value property of continuous
functions.
(a) Arootof f(x)= X -3x-lisa point ¢ where f(c)=0.

3 crosses y =3x+1 have the same y-coordinate, or y = X =3x+1= f(x)=

(b) The point where y = x
X =3x-1=0.

(©) x> =3x=1= x> =3x—1=0. The solutions to the equation are the roots of f(x) = x> =3x-1.

(d) The points where y = x> =3x crosses y =1have common y-coordinates, or y = OB -3x=1= f(x)=
X =3x-1=0.

(e) The solutions of x> =3x—1=0 are those points where f(x) = x> —3x—1has value 0.

sin(x—2)
x=2
However, the discontinuity can be removed because f has a limit (namely 1) as x — 2.

Answers may vary. For example, f(x) = is discontinuous at x = 2 because it is not defined there.

Answers may vary. For example, g(x) = ﬁ has a discontinuity at x = —1 because lim g(x) does not exist.
x—-1

[ lim g(x)=-ccand lim g(x)= +oo.j

x—-1" x——1"

(a) Suppose x is rational = f(xy) =1. Choose € = % For any ¢ > 0 there is an irrational number x (actually
infinitely many) in the interval (xy — 9, x5 +J) = f(x) =0. Then 0 < [x — x| < § but| f(x) = f(xp)| =

1> %: €,50 lim f(x) fails to exist = f is discontinuous at x rational.
X=X,

On the other hand, x, irrational = f'(x) = 0 and there is a rational number x in (xy — &, x5 +90) = f(x) =1.

Again lim f(x) fails to exist= f" is discontinuous at x, irrational. That is, fis discontinuous at every point.
X=X

(b) fis neither right-continuous nor left-continuous at any point x, because in every interval (x, —J, xg) or
(xg, xg + 0) there exist both rational and irrational real numbers. Thus neither limits lim f(x)and

X=X,
lim f(x) exist by the same arguments used in part (a).
x—x3
Yes. Both f(x) =x and g(x)=x —% are continuous on [0, 1]. However % is undefined at x =% since
g (%) =0= % is discontinuous at x = %

No. For instance, if f(x) =0, g(x) =[x, then h(x) = 0([ x|) = 0 is continuous at x = 0 and g(x) is not.
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vozhaco.ir 159 53 Jol” o6 sgbls
76 Chapter 2 Limits and Continuity

58. Let f(x)= ﬁ and g(x) = x +1. Both functions are continuous at x = 0. The composition fog = f(g(x)) =
1 _1
(x+D)-1 "~ x
at g(0), which is not the case here since g(0) =1and f'is undefined at 1.

is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be continuous

59. Yes, because of the Intermediate Value Theorem. If f(a) and () did have different signs then f'would have
to equal zero at some point between a and b since f'is continuous on [a, b].

60. Let f(x) be the new position of point x and let d(x) = f(x) —x. The displacement function d is negative if x is
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x,
which is then in its original position.

61. If f(0)=0or f(1) =1, we are done (i.e.,c =0or ¢ =1in those cases). Thenlet f(0)=a>0and f(1)=b<1
because 0 < f(x) <1.Define g(x) = f(x)—x = g is continuous on [0, 1]. Moreover, g(0) = f(0)—0=a >0 and
g()= f(1)=1=b-1<0= by the Intermediate Value Theorem there is a number c in (0, 1) such that
g(c)=0= f(c)—c=0or f(c)=c.

1/ ()

62. Lete= > 0. Since fis continuous at x = ¢ there is a 0 > 0 such that ‘x—c| <o=> |f(x) —f(c)| <e

= fe)—e< f(x)< f(c)+e.
If f(¢)> 0, thene = % flo)=> % fo)< f(x)< % f(c)= f(x)>0 on the interval (¢ - &8, ¢ + ).

If f(c) <0, thene =~ f(c) = %f(c) < f(x) <% f(e)= f(x) <0 onthe interval (¢ =&, ¢ +6).

y f(c)+e

Y

c-§ ct+§

AN

f(c)-¢

63. By Exercise 52 in Section 2.3, we have lim f(x)=L & ;im f(c+h)=L.
—0

X—C
Thus, f(x) iscontinuous at x =c < lim f(x) = f(c) & lim f(c+h)= f(c).
x—c h—0

64. By Exercise 63, it suffices to show that lim sin(c + /) =sinc and lim cos(c + /) = cosc.
h—0 h—0

Now lim sin(c + /) = lim [(sin c)(cos i)+ (cosc)(sin h)] = (sin c)( lim cos h) + (cos c)( lim sin h)
h—0 h—0 h—0 h—0

By Example 11 Section 2.2, lim cos 2 =1 and lim sin 2 =0. So lim sin(c + /) = sinc and thus f(x) =sinx is
h—0 h—0 h—0

continuous at x = ¢. Similarly,

lim cos(c+h) = lim [(cos c)(cos h)—(sinc)(sin h)] =(cos c)( lim cos h) —(sin c)( lim sin hj = cosc. Thus,
h—0 h—0 h—0 h—0

g(x) = cos x is continuous at x = c.

65. x=1.8794,-1.5321,-0.3473 66. x=1.4516,-0.8547,0.4030
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

67. x=1.7549 68. x=3.5156

69. x=0.7391 70. x=-1.8955,0,1.8955

2.6 LIMITS INVOLVING INFINITY; ASYMPTOTES OF GRAPHS

1. (2 il_rflz f(x)=0 (b) xgr_nf fx)=-2
(c) xgrg f()=2 (d) xli)rr_13 f(x) = does not exist
(e) ,}Sﬁ; S(x)=-1 ® xli}rf)lﬁ F(x) = 400
(2) il_% f(x) = does not exist (h) xh_rfio f(x)=1
(1) xiri, f(x)=0

2. (a) )}g fx)=2 (b) xli)rrzg fx)=-3
() xli)rrzli f(x)=1 (d) )11_1‘512 f(x) = does not exist
() lim f(x)=r+eo (®  lim  f(x)=+eo
(2) zlzrrz J(x)=+eo (h) iEH; f(x)=+oo
(1) xin(}‘ S(x)=—e G) ;1113) f(x) =does not exist
(k) xlg; f(x)=0 ) xl_iglm f(x)=-1

Note: In these exercises we use the result lim n} -

x—t oo X

min m/n
) =( lim i] =0"" = .

Theorem 8 and the power rule in Theorem 1: lim ( 1 ) = lim ( .
X—t o

X—>t oo min X—>t oo

==

X

3. (a) =3 (b) -3
4. (a) & (b) 7
5@ ) 4
6. (a) 1 (b) L
7. (@ -3 b) -3
8. (a) 3 (b 2

9. —% < % < % = lim % = 0 by the Sandwich Theorem
X—>00

_ 1 <cosf 1 : cosd _ ;
10. =39 <38~ 01_1}1’1_100 30 0 by the Sandwich Theorem

2 sint
. Z—]4( 0L
11. lim 2—t+sint _ li t ( ¢ ) _ 0-1+0 _ -1

(y—oo [tCOSE T 1+(cotsf) 140
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rasinr - lim (o) lim 10— 1
- sinr) - oo 2+40-0 ~ 2

12. lim : i
oo 27 t7=5sinr 2+%_5< ;
245 2 2
< (b) < (same process as part (a))

13. (a) lim 2% = lim
X—yo00 5x+7 X—>00 5+%

3

3 {2
14. (a) lim 224 = lim ———=
x—o0 X" =X"+x+7  x—oo 1‘;‘*‘7‘*‘*}
(b) 2 (same process as part (a))
141
. x 2
15. (a) lim ’;“ = lim —-=0 (b) 0 (same process as part (a))
x—00 X +3 x>0 1+—2
X
3,7
16. (a) lim 3)2‘—”: lim = =0 (b) 0 (same process as part (a))
x—o0 X°=2 x—oo 1+72
3
17. (a) lim %= lim 37 =1 (b) 7 (same process as part (a))
X—yo0 X" =3x“4+6X  x—c0 1—;+—2
X
9x*+ i 9 9
18. (a) lim L XX = lim L == b) = (same process as part (a
@) fim s im =g (b) 3 (same p part (a))
5.4 m+%+371
1027427431 — [j = =0 (b) 0 (same process as part (a))

19. (a) lim 2
X X—>oo
(b)

X—o0
I ) oy ) _
20. (a) lim W: lim %zw,smce x " >0andx+7 — oo
X—oo X —x-1 X—o0 =X —x
. 3,92 . 9yl . _
lim ££1X=2 = jm 722X = oo gince x " — 0 and x +7 — —oo.
X——o0 X —x-1 X—y—oo I=x " —x
- 3x 45521 - 3xtasy oy . —-n 4
21. (a) lim =% = lim =X =00, since x ~ —>0and 3x" — oo
Xx—00 6X7=7x4+3  y—5c0 6—T7x “43x
4.0 -1__-3 . _
3x745x " —x " _ o5 gince x " — 0 and 3x* — oo,

7,52 .
3x 45x°=1 — |im 2 —x
x——co 6=7x “43x

b lim
®) Yoo 6X°=Tx43
- 5x8 23349 50 2x 7249573 : -n 3 :
22. (a) lim =*==*=== lim = =—oo, since x = — 0, 5x° — oo, and the denominator — —4.
X—o0 3t+x—4x Y—oo 33X +x 4
. 8 5.3 . 35 -2,9.-5 . _ .
(b) lim M = lim 3 725" j9x = oo, since x " — 0, 5x° — —oo, and the denominator — —4.
X—>—c0 3tx—4x X——co 33X +x -4
P g—3 8—3
. _ . 2 . 2 _
23. lim [3£=3 = [im == lim —= 80— f4=2
x—o0 \V 2X“+X  x—oo 2+; X—>o0 2+; 2+0
1/3 +-L 13 1+1-L 173 /3 /3
24. lim (< +x—1) = lim i =| lim ——22 = (—HO_O) :(l) =1
Yoo \ 8x%-3 Yoo > too 82 8-0 8 2
X X

Copyright © 2018 Pearson Education, Inc.
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

3\ 4 _x 5 Ly 3 5
25, fim (L] = tim | S| ) dim | = (9] =
X——oc0 \ X -7x X—>—c0 1—; X—>—oco 1—7 -
> 15
. — . 2 2
26. lim ’g—sx: lim %= lim —— J =J0=0
x—=o0 VX" +Xx-2 x> 1+{7—Xf3 X—>o0 1+*—
2 1 2
li . (WJJ{T) X . ( 12 )H
27. lim 2{”; = lim ~—~2=-==0 28. lim 24x _ lim =% =-1
x—do0 T x—>00 3— x00 2=V x—300 ( 2 )_1
X

1
29, fim L= o gy =00 %:1

1m ——FF—F% = l1m
X—>—o0 \/—+\/— X—>—o0 1+x(1/5)_(1/3) X—>—0 1+( 1

. -1, 4 . 2
30. lim 2= lim ——=oo
X—o0 X —X X—oo 1T
15__ 1 7
2533 WP 2 T19/15 7 875
31. lim =2 =X = lim = L =oo

875 3 1
X—yo0 X By X—>o0 1+x3/5+x11/10

1 3
543
. = . 2/3 x
32, lim \/;—2?3: lim £~ =-3
x——00 2X+x°"7 -4  y 5—c0 2+T3_7 2

33 lim Y iy Y4 . o NG s v

)Hw L e (i)l xsee (DX . (+/x)  (1+0)

i A o P e Vi B
34. lim 1

e XL x_>_°<, (x+1)/J— x_)_w GHD)/(=x) x_>°°( =1y (—1—0)

2
35. lim —223 = [im —= Yl _ lim =) 1- (30 _ (1-0) _

voveo V42425 x—veo VarP425/2 xee \[(4x24+25)/x2 o \Jat25/x2  V4+0

36, lim 4232 _ piy @03 )/x/—_ lim 43 33 /(-xY) hm (-4/x°+3) _ (0+3) _

x——o0 Yx049  x—o—eo 4/x%49 /\/— x—>—o0 /(x°+9)/x° oo A149/x° \/F

37. lim L =oo (P"S?‘?Ve) 38, lim == — (P"S“i.ve)
0t 3x positive Y0~ 2 negative

39, lim —3- = oo (—p"“ﬁ.%) 40, lim —L =0 (—p‘”?t?“’“)
FEvE x=2 negative 3t x=3 positive

41, lim 25— o (—“eg'f“.ive) 42, lim =3 —e (—“eg"“?ve)
gt x+8 positive 5 2x+10 negative
. 4 positive . -1 _ negative

43. lim o ositive 44. lim 2 - ositive-positive
7 (x=7) P x50 X2 (x+H) positive:p

Copyright © 2018 Pearson Education, Inc.
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45.

46.

47.

49.

51.

52.

53.

54.

55.

56.

Chapter 2 Limits and Continuity

lim —2-=o
x—0" 3x!73

(a)

= o0

lim 2
x—0t x

(a)

lim ——

- hm _4
Y0 X 1/5)2

—0 (x

lim tanx=-co
x—>(%)7

lim (1+cscl)=—c0
-0~

oS 159 )5 Jol& o1 54kls

(b) lim 3)%1,3 = —oco

x—0

(b)

48. lim % = hm

x—0 x

50. lim

=(3)

S€C X = oo

lim (2—cotf)=—cand lim (2—cotf) = oo, so the limit does not exist

6—0" 6—0~
: 1 _ 1 1 _
R T
: 1 _ 1
© 525 5 eoes T
(¢) lim —=l—= 1 1

= lim ———=—
ot Xd ot (2)(x2)

L L
= grflz_ G )(-2)

(d)

lim —
x——2~ x4

posmve positive )

positive: negatlve )

( positive: negatlve )

negatlve negative )

1 X — positive
(a) xh_>r?+ o h_>1+ (x+1)(x 1) (posmve posmve)
1 X _— 1 positive
®) xh—>nll’ - hm (x+l)(x 1) (posmve negatlve)
1 D H negative
© xgr_nﬁ x2-1 _xgmﬁ (x+1)(x 1) = (posmve negatlve)
3 X _— i negative
(d) xgrfll— 2ol xgml (x+1)(x 1) o (negatlve negatlve)
. 2 .
() lim (%—l)=0+ fim L= oo (ot
=0t x *—0*t negative
2
b) lim (£--1)=0+ lim L =e L
2 - t
x—0~ x x—0" % positive
. 2 2/3 _
© lim (x__L)_z LBy 1B
=32 2 x 2 2
2
im (£ -L)j=1_(L1)=3
(d) xli>n_11( 2 X) 2 (—l) 2
(@ lim ol o, Dositive (b) lim e
ot 2x+4 positive o 2x+4
(c) lim x2-1 = lim (D=1 — 20 _
N 2x+4 st 2x+4 2+4
2
: x =1 _ -1
() xgng_ 2x+4 4

Copyright © 2018 Pearson Education, Inc.
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57.

58.

59.

60.

61.

62.

63.

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

(2) lim X2=3x+42 - lim =2 _ negative-negative
0t X —2x 0t X (x=2) positive-negative
. 2_ . - — . _
() lim 32 o gy CODOED gy asl oL g
x—2t ¥ 2x x—2" ¥ (x=2) x—2" X
() lim *=3xk2 = fi (DD iy xol o1 g
X2 X2y A (x-2) yp X
. 2_ . - - . _
(d) lim £252 = fim &=Dx-D 22)(x Do fim 2=l=1 x#2
x—2 X" =2x x—2 x(x-2) x—2 X 4
€) lim X2 —3x+2 - lim (x=2)(x-1) — e negative-negative
Y0 X°—=2x ¥—o0 x2(x=2) positive-negative
: = : (x=2)(x-1) : (-1 1 1
a) lim X232 = iy = = =2
() ot P—dx g X2)(H2) e 3(#2) | 2(4) 8
(b) lim X2 =3x+2 - 1im x=2)x=D) _ . =D _ negative
ot X—dx o X(x=2)(x42) L or x(x+2) negative-positive
© lim 2-3x42 - lim =2)(x-) _ =D _ negative
0" =4y 0™ x(x=2)(x+2) 0™ x(x+2) negative-positive
(d) lim x?=3x+2 = lim (x-2)(x-1) — 1; (x-1) -_0 _
ol Py 3GeD)(H2) e x(r2) . (DB)
(e) -1 _ negative
0" x(x+2) ~ positive-positive
and lim oo (e )
0™ x(x+2) negative-positive
so the function has no limit as x — 0.
. 3 | : 3 (=
(a) lim [2 —W} = —oo (b) lim [2 —w} =0
t—0 t t—0 t
. 1 _ : 1 —
(a) 11m+ [W"’ 7} =oo (b) lim [W"’ 7} =—oco
1—0" Lt t—0" LI
; 1 2 ; 1 2
(a) lim [—+ =oco (b) lim { + =oco
ot | 22T ()R o0 | 2P ()R
: 1 2 ; 1 2
(c) lim { + }:m (d) lim {_+ }:m
el PR Joesll IFCTERPITE
: 1 1 : 1 1
(a) lim [—— } =oo (b) lim |—5- } =—oo
oot | A3 ()3 vl IEERRYNCE
: 1 ; 1
(¢) lim | —=- } = —oo (d) lim |—+- } = —oo
e RN o LB B
-1 =L
Y= 64. y x+1
y y
10F {] -1
k YT
5K x=—I: N

Copyright © 2018 Pearson Education, Inc.
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82

69.

70.

71.

72.

Chapter 2 Limits and Continuity

! 66. y=—=%

68. y=2r=2-2

2 . 2
32" <3 and lim 3
x“+1

X—>too X" +1

domain = (—o0,0); ¥ in range and y= 4+ 3x° 0<

S, =3 = range =[4, 7); horizontal
x4

asymptote is y=7.

domain = (—eo, —1)U (-1, 1)U(], o°); yinrange and y = %x ; if x=0, then y=0, lim % =0,
x -1 X—>too X7 —1
2

lim 2% =+co, and lim 2% =—co; lim 2% =oo and lim -2
x—o1t X1 x—>1m X~ x——1" ¥ = x——1" x° -1

asymptote is y =0; vertical asymptotes are x=—1, x=1

=—co = range = (—oo,%0); horizontal

2 2
domain = (—oe, 0)U (0, «); y in the range and y =% +4. Y =—2_<0; lim NXTHE o
x x2\ x> +4 x—0*
2 2 2
lim ¥ — oo Jim ¥¥*4 =1 and lim ¥¥** =] = range=(—c0, —1)U(l, e); horizontal
x—0" X X—>o0 x X—>—00

asymptotes are y =1, y=-1; vertical asymptote is x =0

x3
-8

2 . 3 . 3
;Y =2 <0; lim <=0, lim —X—=—oo

domain = (—oo, 2)U(2, =); y in the range and y = ( ; )2 < )
x -8

3 3 ’
x—2t x'-8 x—2 X8

. 3
and lim ——
X—too X8

=1 = range =(—oo, 1)U(l, «); horizontal asymptote is y =1; vertical asymptote is x =2

Copyright © 2018 Pearson Education, Inc.
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

73. Here is one possibility. 74. Here is one possibility.

76.

7}
q
.
i
'
'
'
'
'
'
'
- W A
L
F
M

78.

_4 -
79. Here is one possibility. 80. Here is one possibility.
y y
=X
h(x) = " x#0 . a4k .
k(x)=1- -
x /Z‘
0 1 1 1 x
4 2 h 4 6
-1 2k
4

81. Yes. If lim £ =2 then the ratio the polynomials’ leading coefficients is 2, so lim L&) 29 a5 well.
Yoo 8(X) Yoo &(X)

82. Yes, it can have a horizontal or oblique asymptote.

83. Atmost 1 horizontal asymptote: If lim % = L, then the ratio of the polynomials’ leading coefficients is L,
X—>o0
so lim £ = L as well.
X—>—o0 g(x)

Copyright © 2018 Pearson Education, Inc.
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84 Chapter 2 Limits and Continuity

84. lim (\/x+ —Jx+4 )— lim [\/x-i- —Jx+4 ] [ X+9++/x+4 } lim CH=(+4)

X—>oo X—>oo x+ ++/x+4 x—> x+9++/x+4

= lim

= lim ——=-=0
xmsoo NX x4 x—>w1/1+%+1/1+% 1+1
8. lim (\/x 125 A2 j_hm [\/x 125 A2 ][ 24254 } m (292
x—>oo

X—>00 X—>00 X +25+ X2 425+4x% -1

= lim 26

26 _|im +:ﬁ:
xoe0 Jx?4254yx? -1 xoee 1484 1L I
X X

2 2
86. lim (\/x2+3+x)= lim [\/x2+3+x]{%xz+3_x}= lim &) _ gy 3
x“+3—x

X—>—o0 X——oo X——oo  \x"+3-x X—>—0o \[x“+3—x
3 3
. 2 . -=
= lim L: lim = ﬁ
x——oo [l43 -2 xo—oo fl4341
X \/? -’C

=0
2 2
87. lim (2x+\/4x2 +3x—2)= lim [2x+\/4x2+3x—2]{2x_— W}: lim -G H3x72)
2x~4x243x-2 | x——c0 2x—4x24+3x-2
=3x+2

X—>—00 X—>—0°
- “3x+2
. _ . 2 . =
= hm ¢ = hm L = llm X
x—>—00 2x—/4x?43x-2  x——oo \/Ziz— 4+%—l2 x—>—o0 2X_ 4+l—i2
X - X X

_2 0 3
= lim £ — =2
4

_23
X——c0 —2— \/4+3 2 22

88. lim ( 9x2—x—3x)= lim [ 9x2—x—3xH—\'9x2‘x+3X} m QE0OD) i x|
VOx2—x+3x x%oo N9x?—x+3x x—00 \9x2—x+3x

X—>o0 X—>00
X
= lim * = lim ——=-L=-1
X—>o0 \/9x2_i+37x x—oo [9—143 3+3 6
2 X
X X

2 2
89. lim (\/xz +3x —yx2 —2x)= lim [\/xz +3x —yx2 —Zx} {‘“‘ By ‘ﬂ Jim GH30-( 20
X—>o0 X—>o0 \Vx +3x+m X—>o0 \jx2+3x+\]x2—2x
_5

= lim = lim 5

X—>o0 \/x +3x+\/x 2x  x—eo [143 +\/7 1+1 )

2 2
90. lim VxZ+x—-vVx*>—x = lim [\/x2+x—\/x2—x][ X AN _X}— lim -G ox) = lim —=*—
x—>00 X—00 ViZ+x+Vx?—x | x—ee VxP+x+Vxi—x  x—eo y/x? +x+\/x —x

= lim —*—

x—eo fl+Ls f1-1 1+1

91. Foranye>0,takeN:1.Thenforallx>NWehavethat|f(x)—k|=|k—k|=O<e.
92. Foranye>0,takeN:1.Thenforally<—Nwehavethat|f(x)—k|=|k—k|=0<e.

93. For every real number —B < 0, we must find a & > 0 such that for all x, 0 < |x - 0| <d= ‘—21 <-B.
X

Now—L<—B<0<:>L>B>O<:>x2<l(:>x<L.Choose5=L,
= v 5= b<7 ]
== < —Bso that lim —-L = —o,

x? x—0 X

then0<|x|<§:>|x|<L

JB

o

Copyright © 2018 Pearson Education, Inc.
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94.

95.

96.

97.

98.

99.

100.

101.

102.

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs 85

For every real number B > 0, we must find a § > 0 such that for all x, 0 < |x 0| <0 =7 B. Now,

—>B>0<:>|x|<l.Choose§ Then0<|x 0|<5:|x|< =4 >Bsothat11m— oo,
x| B H x—0 [l

For every real number —B < 0, we must find a 0 > 0 such that for all x, 0 < |x —3| <= = _2) < —B.Now,

(x 3) <-B< 0(:)( 5 >B>O(:>(X23) <Fe(x- 3’ <2 (:)0<|a: 3 < \/7Choose5 %,then
0<|x 3|<5:> =2 _<-B<0so that lim —2— = —oo,
(x-3)° x—3 (¥-3)?

For every real number B > 0, we must find a ¢ > 0 such that for allx,0<|x—(—5)|<5:( 15)2 > B.
x+
1 2 _1 1 __1
NOW,W>B>O<=>()C+5) <—4:>|x+5|<ﬁ.Choose5—ﬁ.Then0<|x—(—5)|<c5'
L= > Bso that lim —1— =oo,

+5
A A e s (r45)?

(a) We say that f(x) approaches infinity as x approaches c from the left, and write lim f(x) = oo,
X—C

if for every positive number B, there exists a corresponding number ¢ > 0 such that for all x,
c-0<x<c= f(x)>B.

(b) We say that f(x) approaches minus infinity as x approaches ¢ from the right, and write lim f(x) = —oo, if

X—C

for every positive number B (or negative number —B) there exists a corresponding number 0 > 0 such that
forallx, c<x<c= f(x)<-B.

(c) We say that f(x) approaches minus infinity as x approaches ¢ from the left, and write lim f(x) = —oo, if

X—cC

for every positive number B (or negative number —B) there exists a corresponding number & > 0 such that
forallx, c-d<x<c= f(x)<-B.

ForB>0,%>B>O<:>x<%.Choose5 —.Then0<x<d=0< x<11;3 > Bso that lim L = co.

x—0"

1 1

ForB>0 1< B<0<:>——>B>0<:>—x<

_1 -1 _ 1
e B<x.Choose5—B.Then o<x<0=> 7 <X
:> < Bsothat llm—=—°°.
x—0" %
ForB>0—< Bo-—5>8B o —(x—- 2)< & x- 2>—E<:>x>2—— Choose&z%.
Then 2 — a<x<2:> é‘<x 2<O:>—%<x 2<0:>—2< —B <0 so that lim ﬁz_m'
x—2"

For B> 0, #>B(:>O<x—2<%.Choose§=%.Then 2<x<2+§:>0<x—2<530<x—2<%
3—>B>O so that lim Lz=oo.

x—>2 =
ForB>0and0<x<l,—5>B e 1- x> <l L & (1-x)(1+x) <% Now X <1 since x < 1. Choose & < 5.

.X
Thenl-d<x<1=> ()<x 1<0=>1- x<5<—:(1 x)(1+x)<B(1+T)<%:>1 >> B for 0<x<1land
—X

x near 1 = lim —L
x—l™ I=x

= oo
B .

Copyright © 2018 Pearson Education, Inc.
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86

_ x4l

104. y

=

3
2x+4

x—1+

2

e |
2x+4

106. y

3
x—1

=x+1-

_x*-4
x—1

105. y

-12
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Chapter 2 Practice Exercises

x4

2/3
11 y=x"+ 11,3 112. y =sin ( z )

113. (a) y — oo (see accompanying graph) Y
(b) y — oo (see accompanying graph)
(c) cusps at x ==x1 (see accompanying graph)

114. (a) y — 0 and a cusp at x =0 (see the A
accompanying graph)
b)) y—> % (see accompanying graph)

(c) avertical asymptote at x =1 and contains the = % __________
point (—1, %) (see accompanying graph) x

CHAPTER 2 PRACTICE EXERCISES

. Atx=-1: lim f(x)= lim f(x)—l

A y=f)
x—=1" x—-1* 1 -—
= lim f(x)=1=f(-1) \
x—-1
= f is continuous at x = —1. L 5 : x
Atx=0: hm fx)= hm f(x)=0 h
= lim f(x) 0. B

x—0
But f(0)=1# lim f(x)

= f is discontinuous at x = 0.
If we define f(0) = 0, then the discontinuity at
x =0 is removable.

Atx=1: lim f(x)=-1and 11m f(x)=1
x—1" -1t
= lim f(x) does not ex1st
x—1
= f is discontinuous at x =1.

Copyright © 2018 Pearson Education, Inc.
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Chapter 2 Limits and Continuity

Atx=-1: lim f(x)=0and lim f(x)=-1

x—-1 x——1*
= lim f(x) does not exist
x— -1
= f is discontinuous at x = —1. 0, xsl
oy = 0<\[ xl<1

X
Atx=0: lim f(x)=—c0and hm f(x)=00 I x>

x—0" .

= lim f(x) does not ex1st -l
x—0
= f is discontinuous at x = 0.
Atx=1: hm f(x)—hm f(x)-l:llmf(x)—l.
-1
But f(l) 0 hm f(x)

= fis d1scont1nu0us atx=1.
If we define f(1) =1, then the discontinuity at
x =1 1is removable.

(@) lim 3f(1)=3 lim f()=3(-7)=-21
t—t, t—>ty

2
(b) lim (/1) =(1im f(z)j = (=72 =49
1=t 1=ty
© lim (f()-g0)= lim /() lim g())=(=7)(0) =0
’ lim f(to) 11m f(@

. SO o -7 _
(d) thjfo PO Tim (g0 " hm g(t) Tim 7 =57 =1

(e) lim cos (g(?)) = cos{ lim g(t)j =cos0=1
t

t—t, —t,

® tlgrtl |f(D)]= tlgrtl f(t)‘=|—7|=
(2) lim (f(O+g@)=lim f(t)+lim g(t)=-T+0=-7
) 1=t

1 __1

®) zlglzl (f(t)) tlig:)lf(t):—7_ 7

@) lim —g(x) =~ lim g(x)= 2

(b) lim (g(x): ()= lim g(x)- lim £(x)=(+2)(3) =

(© lim (f()+g(x) = lim f(x)+ lim g(x)=3+2
1 — 1

@ i‘i% ORIV O

(e) llr% (x+f(x) = lim x+ lim f(x):0+%:—

©l&

P G

x—1 lim x— 11m 1 0-1 2

x—0 x—0

x—0

Since lim x =0 we must have that hm (4—g(x)) =0. Otherwise, if hm (4 - g(x)) is a finite positive

x—0

number, we would have lim [4 i (x)} —oo and lim [%} = oo 50 the limit could not equal 1 as x — 0.

x—0" x—0"

Similar reasoning holds if 11m (4—g(x)) is a finite negative number. We conclude that lim g(x) =4.

Copyright © 2018 Pearson Education, Inc.
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10.

11.

12.

13.

14.

15.

16.

17.

Chapter 2 Practice Exercises 89

x—=-4L x>0 x—-4 [ x—0 x——=4 x>0

2= lim [x lim g(x)}: lim x- lim {lim g(x):|:—4 lim {lim g(x)}:—4 lim g(x) (since lim g(x)isa
x—-4 x—0 x—=0

constant) = lim g(x)= 14 = _%.
x—0 -

(a) lim f(x)= hm B == f(c) for every real number ¢ = £ is continuous on (—eo, o).
X—C

(b) lim g(x)= 11m =32 g(c) for every nonnegative real number ¢ = g is continuous on [0, ).

X—C X—C
. T -2/3 1 _ . .
(¢) lim A(x)=lim x == h(c) for every nonzero real number ¢ = 4 is continuous on (—ee, 0) and

X—C X—C
(—oo, °°)

(d) lim k(x) = lim x V6 = W = k(c) for every positive real number ¢ = k is continuous on (0, )
X—C X—cC

(a) U ((n —%)ﬁ, (n +%)7z), where / = the set of all integers.
ne

(b) U (nz, (n+1)x), where I = the set of all integers.
nel

(€) (=o°, M)U(7, =)

(d) (=oo, 0)U(0, =)

2_4x+4 —2)(x— . .
(@) lim — A (x=2)x=2) _ x=2_ x # 2; the limit does not exist because
¥—>0 X +5x7 —14x 0 X(xHTN(x=2) g x(x+7)°
: x—=2 _ x—2 _
xleO’ x(x+7) = oo and 153+ x(x+7)
2_
(b) lim 3x 42x+4 = lim S22 _ iy x=2 ,x#2,and lim ==2_=-0_=9
ys2 X452 —1dx o X(AD(x=2) 5 x(x+7) Y2 x(x+7) 2(9)
. 1 . .
(a) llmx—”=llm 3x§x+) = lim —*L = 1lim —1—, x#0and x# 1.
x—0 x Sioxt 4y’ x—0 X (x“+2x+1)  x—=0 x“(x+D(x+])  x—0 x“(x+])
Now lim 1 —=coand lim 1 —=co= lim St =0,
x—>0 x (x+1) X—0T X (x+1) x—=0 X Spoxtax
. . 1 . . .
(b) lim SX—% = lim — xg“ )~ lim 5 L x#0andx#—1. The limit does not exist because
x——1 X +2x +x x——1 X (x"+2x+1)  x—-1 x°(x+])
im — L - _wand lim = oo,
x——1" ¥ (x+]) xos— 1t X ()
hm 11\/— lim I-Vx =lim —1-=
o1 - f Y1+x)  xol x
22 - .
lim =% = lim (x @ = lim -1 =-L

2, 2 2
xoa X' -a*  x5q (X +a )(x —a ) x—a X +a 2a

(% +2hx+h?)—x?
h

2 2
lim S _ iy

- =lim 2x+h)=2x
h—0 h—0 h—0

(x+h)?—x* lim (X2 +2hx+h*)-x2

lim =lim (2x+h)=h

x—0 x—0 h x—0
S 2-(2+x) _
lim 222 = llm e llm 4_5 =—%
y—0 X 50 x(24x) 50 4+2x
. @ 12
lim ZH08 _ i (4627 +12048)-8 hm (2 +6x+12)=12
x—0 X x—0 X

i (=) @B i -DEx) i Sl 4l 2
1m im 2/3, 173 1m 2/3, 173 M =733 T+l 3
x—1 \/— 1 x—>l (\/— 1) (x/_+l)(x +x 7H) xl (DT TTHD) x4+ T4 +i+
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18, lim 2316 _ im (P —a)(x"3 +4) i (x3—4)(x"3 +4) . (3 4453 416)(Vx+8)

w64 8 xoes Va8 x—64  Vx8 (x+8)(x*+4x'7 +16)
m (x=64) (' +4) (Jx+8) _ lim (P 44) (Jx48) _ (4+4)(8+8) _ g

64 (x-64) (x*+4x13+16)  x64 xPP+4xP416 164164163

19. lim 2% _ [jy sin 2x COS”X_hm(sin 2x)(cosizx) 7x (g)zl,l‘l,;:;
’ ¥ AN X .4 cos 2x sinzx *—0 2x cos 2x/\sinzx |\ zx T

1
sin x

= o0

20. lim csc x= lim
X X

21 lim sin(%+sin x) =sin(Z +sin 7) =sin(Z) =1
XD

22. lim cos’ (x—tanx) = cos? (r—tanrz) = cos’ ()= (—1)2 =1
X—7T

8x T 8 —-_8 _
23. )}Eﬂ) 3sin x—x iln%) 3%—1 EOE]

24. lim = <o 2x—=1 _ = lim (cos 2x=1 cos 2x +1) — i cos? 2x-1 = li —sin? 2x
T x50 sin x y—0\ sinx cos 2x+l1 0 sinx(cos 2x+1) 7y sin x(cos 2x+1)
. —4sinx cos® x —4(0)(1)2

50  Cos 2x+l 141

1/3
25. lim [4 g(x)]"? = 2:{ lim 4 g(x)} =2= lim 4g(x)=8,since 2’ =8. Then lim g(x)=2.
X

x—0" —0" x—0" x—0"
26. lim —Ll_=2= lim (x+g(x)=1=+5+ lim_g(x)=1= lim_ g(x)=1-5
e x+g(x) Jim_(x+g ) Jim_ g )= Jim_ g(x)=7

27. lim 3% = co = lim g(x) =0 since lim (3x* +1) = 4
r—1 &) x—l x—1

28.  lim 5-x” =0= lim g(x)=r-o since hm 5-x )—1
x—-2 V&) x—-2 —-2

29.(a) f(-1)=—-1and f(2) =5= f has a root between —1 and 2 by the Intermediate Value Theorem.
(b), (c) root is 1.32471795724

30. (a) f(-2)=-2and f(0)=2= f has a root between —2 and 0 by the Intermediate Value Theorem.
(b), (c) root is —1.76929235424

2
31, Atx=-1: lim f(x)= lm &)
x—>—1" x——1" |x7-1| /
— lim x(x2—1) . 1

>—= lim x=-1,and
x—-1" X -l x—-1"

lim f()= hm Dy 2D A 1 )
x——1" x——1" |x2—1\ x——1" —(x -1
hm ( x)=—(=1)=1.Since lim f(x)# -1
x——=1"
hm f ()= hm f(x) does not exist, the / fx) =x(x?=1)/Ix* = 1]
x—-1* -1

function f cannot be extended to a continuous
function at x = —1.
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2
Atx=1: lim f(x)= hm MZ x(xz D~ lim (—x)=-1,and hm f(x)= lim x(xz—_l)
x—1" o e S e € A x—1t X7
= lim x(xz D= Jim x=1.
xolt x7-l x—l*
Again lim f(x) does not exist so f cannot be extended to a continuous function at x =1 either
32. i
33.

x-1 _4
3

Yes, f'does have a continuous extension at a =1
define f'(1) = lim

x—0

The discontinuity at x = 0 of f(x) = sin ( 1 ) is nonremovable because lim sin - does not exist.

X
=1 1
=1l
f&) = "_:/;, a=1
34. Yes, g does have a continuous extension at a = %: 0
(_) — lim 5cos6 _ 5
g2 ,,49 w4 sew 1L
8O =377

1 6

-2 3

\ 2

35. From the graph we see that lim A(¢) # lim A(z) h(t)
t—0" t—0*
so /i cannot be extended to a continuous function
ata =0. 2
1
—
t
-1 1
2]
h@t)y =1+ DY, a=0
36. From the graph we see that lim k(x)# lim k(x) e
x—0" x—0"
so k cannot be extended to a continuous function at
a=0.
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3
. Lo243 . 2 . T 240
37.lim g“g lim —2 :—?8 :% 38, lim 28 = lim —= =<0 :%
X—yo0 DX T X—o0 3+ + X——0 5X°+7 x-S+ 2 +
39.  lim =48 — im (1 4 i) 0-0+0=0
Y——co  3x xo—oe\3%  3x2 3
a1
40. lim 51—= lim —=——=-0-=0
X—yo0 x?=Tx+1 X—yo0 1‘%‘*’% 1-0+0
- X
. 2_ . — . 4,3 .
41. lim £=£* Zx: lim 2=, = —co 42, lim 2= lim o=
X—>—o0 X+ X—>—o0 1+; x—o00 12X7+128 X—>—o0 12+7
43, lim S22 < lim L =0 since | x| >0 asx — o= lim X =0
xoseo [X] T x oo L] X—>o0 |_xJ
44. lim %ﬂl< lim 2 5=0= lim %ﬁ‘l=0.
G—o0 O—o0 G—o0
sinx , 2
45. lim Xtsin ey _ g, 1+ X.m; = 14040
yeseo  Xtsinx PN 1+0
2/3, -1 . -5/3
46. lim < = fim [ BT | =110 o
X—300 X7 74COST X x—yoo| qCOSTx "0
x2/3
L2 .2 . .
47. (a) y=2**isundefined atx=3: lim x—_+4 =—ocand lim x—_+34 =+ oo, thus x =3 is a vertical asymptote.
5 x—3" 5 x—3t ¥ R
(b) y= g——x—z is undefined at x =1: lim %22 = —co and lim “=*=2 = —o, thus x =1 is a vertical
x“=2x+1 Y1~ X" —2x+1 X1t ¥ =2x+1
asymptote
. 2 — . . 2 —
(c) y= mls undefined at x = 2 and —4: lim £+X=6 = |im xTJri =%; lim Sx=6 = xjj
x*+2x-8 x—2 X +2x-8 x—2 % Xsd™ X“H2x-8 s g4 ¥
. 2 e . . .
lim )‘2+—X6 = lim 3 = —co Thus x = —4 is a vertical asymptote.
Xt X208 g XA
a1 o
P e R TO -1_ 1-x? 2
48. (a) y—— lim 5% = lim *===-land lim 5% = lim *—===-1, thusy=-lisa
¥+l x—o X+l x> H’*2 1 x—>—o0 X~ +1 X—>—o0 H‘*2 1
X X
horizontal asymptote.
1+4
4 m M4 S _ 140 . .
b = \/;—Jr: = lim = =1, thus y =1 is a horizontal asymptote.
®) ¥ Vx+4 )Hoo X+4  x—seo /1+i Jivo 7 Y yip
~ l1+
2 . 2 .
(c) y=YX*4. jjm ¥+ _ iy “1+ —Tand lim ¥4 _ fim
X X—>oo X X—>oo X—>—o X X—>—00
X
[+ 1+
. 2 /
= lim = lim 1‘ =1—+10=l1=—1,
x——oo Ty X——o0 - -
thus y =1 and y = —1 are horizontal asymptotes.
9
2 2 2 2
d — |x"+9 - lim x“+9 _ — [140 _ 1 and lim x“+9 _ lim 140 _
@ V9x2+1 x—so0 \ 9x7+1 LoN9+0 3 xmoo VOXP 4 x50 9+0

thus y = 1s a horizontal asymptote.
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/ 2
domain =[—4,2)U(2, 4]; yinrange and y = 16 ,1fx 14, then y =0, lim 16-x =oo, and

~ x—2* x=2
/ 2
lim %=—oo, = range = (—oo,0)
x—2
. . Nax . Alax? . X
Since lim **—= =tc0 = vertical asymptote is x =b; lim Nax'+4 _ i AL a+2
X—bT b PN PENSE X
[ .2
= lim X a+— Ja = horizontal asymptote is y =+/a, lim Y& 4
x—so0 X Yoo XD

= lim Lb- la +i2 = lim _—)Z la+i2 =—a = horizontal asymptote is y=—\/;
x—>—o0 X7 X x—>—00 ¥ X

CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES

1.

5 lim v* .
lim L= lim L, II—V—Z:LO l-2=2a— =1, h_c_zz
v—c v—c c c c

The left-hand limit was needed because the function L is undefined if v > ¢ (the rocket cannot move faster than
the speed of light).

%—1‘<0.2:>—0.2 \/——1<02:>08<£<12:>16<«/;<24:>256<x<5 76.

%— ‘<01:> 01<*/——1<01:>09<£<1 1:>18<\/;<22:>324<x<484

110+ (=70)x10™* =10/ < 0.0005 = |(#—70)x10~*|<0.0005 = —0.0005 < (t —70)x 10~* < 0.0005
= -5<t-70<5= 65°<t<75°= Within 5°F.

We want to know in what interval to hold values of / to make V satisfy the inequality
|V —1000| =|367h—1000|<10. To find out, we solve the inequality:

36771000 <10 = ~10 <3674 ~1000 <10 =990 <367h <1010 = 22 < h <0 g8 </ <89

where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe.
The interval in which we should hold /4 is about 8.9 —8.8 = 0.1 cm wide (1 mm). With stripes 1 mm wide, we can
expect to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking.

Show lim f(x) = lim (x2=7)==6=f(1).

Stepl:|(x2—7)+6|<62—e<x2—l<631—e<x2<l+e:\/1—e <x <+l+e.
Step2:[x—1|<d=>-0<x-1<d=>-0+1<x<o+1.

Then -5 +1=+/1-¢ or §+1=+/1+¢. Choose § = min {I—vI—¢, 1 +€ -1}, then 0 <|x—1|< 5 =

|(x2 -7)—6|<eand lim f(x)=-6.By the continuity text, f(x) is continuous at x =1.
x—-1

Show lim g(x)= lim L=2= g(%).

4 4
Stepl:’zl—z‘<e:> —e<7--2<e=>2-e<-<24e= > x>
Step2’x——‘<53 ~f<x-1<8=>-5+i<x<d+i

1__1 _L_ 1 _ 1_ =1 _1__ e
Then =0+ =35 =0 =4 4+26_4(2—e)’0r5+ S e GO
Choose§=4—,the smaller of the two values. Then0<‘x—i‘<§:>‘ 2‘<eand lim L =2.

(2+¢) 4 x4)12x
4

By the continuity test, g(x) is continuous at x = %.
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Show lim A(x)= lim v2x—-3 =1=h(2).
x—2 x—2 ) s
Step 1:|\/2x—3—1‘<e:>—e<\/2x—3—1<e:>1—6<x/2x—3 <liem T2 o T

2
Step2:|x—2|<§:> —0<x—-2<dor-0+2<x<d+2.
2 2
Then -5 +2 == 6) +3:>§ y O U 1 U ) M 62 ,oro+2=
2 2
e+6 .Choose 0 = e—— the smaller of the two values. Then 0<|x— 2|<5:‘\/2x 1‘<e

so llm ~2x—-3 =1.By the continuity test, 4(x) is continuous at x = 2.
x—2

(146)*+3 = (1+€)%+3 oo (+e)>-1 _
2 2 - -

Show lim F(x) = hm NI9-x =2=F(5).

x—5
Step 1:NO—x 2| <e = —e<\0-x-2<e=9-(2- >x>9-(2+)".
Step2: 0<|x—5|<0=>-0<x—-5<0=>-0+5<x<0+5.
Then—8+5=9-(2+¢)’> = 5=(2+¢)> —d=€>+2c,0r+5=9-2—¢)> =5 =4-(2—¢)* =¢> - 2.
Choose & = €2 — 2, the smaller of the two values. Then,0<|x—5|<§3‘x/E—2‘<e, so limv/9—x =2.

x—5

By the continuity test, F'(x) is continuous at x = 5.

Suppose L; and L, are two different limits. Without loss of generality assume L, > L;. Lete = %(Lz —L,). Since

lim f(x)=L thereisad; >0 suchthat 0 <|x—xy|<d = |f(x)—Lj|<e = —e< f(x)—L; <€
X=X

=1Ly~ L)+ L < f()<T(Ly =L )+ Ly = 4Ly — Ly <3f(x) <21y + L. Likewise, xli_)n;g f(x)=1L,s0
there is a d, such that 0 <|x—xp | < J, = | f(x)—Ly|<e = —e< f(x)— L, <€
Ly L)+ Ly < f() < Ty~ L)+ Ly = 2Ly + 1y <3f(x) <4ly =Ly = L =41y <=3 (x) <-2Ly — L.
If 6 = min{d;, J, } both inequalities must hold for 0 < |x— x| < J:
4L1 —L2 <3f(x) <2L1 +L2
—4L2 < —3f(x) < _2L2 -
contradiction.

}iS(Ll—L2)<0<L1—L2.ThatiS,Ll —L2 <0ML1—L2 >0,a
1

Suppose hm f (x)=L.Ifk =0, then lim kf(x) = hm 0=0=0-lim f(x) and we are done. If k£ # 0, then given

X—C X—C

anye>0therelsaé>Osothat0<|x c|<§<:>|f(x) L\<|k‘:>|k||f(x) Li<e=k(f(x)-L)|<e

= (4 () = (kL)| < e. Thus lim £/ (x) = kL = k(hm f(x)j

X—C

(a) Sincex — 0" 0<x <x<l:>(x -x)—>0 = lim f(x —x)= lim f(y)=B wherey = 3 -x

x—0" y—0"
(b) Sincex —0, “l<x<x’ <02(x -x)—= 0" = lim f(x -x)= lim f(y)=A wherey = O -x
x—0" y—0"
(¢) Sincex -0, 0<x*<x’<1=> @ -x*) 50" = lim f(x*-x*)= lim f(y)=4 wherey=x? —x*.
x—0* y—>0
(d) Sincex%O_,—1<x<0:>0<x4<x <1:>(x -Xx )%0+:> lim f(x -Xx )=Aasinpart(c).
x—0"

(a) True, because if lim (f(x)+ g(x)) exists then lim (f(x)+ g(x))— lim f(x)= lim [(f(x)+g(x))— f(x)]=

lim g(x) exists, contrary to assumption.
x—a

alse; tor example take f(x) = = an x) =—=. Then neither lim f(x) nor im g(x) exists, but
(b) False; f ple take /' (x) = Land g(x)=—L.Th ither lim £'(x) nor lim g(x) exists, b
X X x—0 x—0
lim (/(x)+g(x) = lim (L-1) = lim 0 = 0 exists.
x—0 x—0\¥ X

x—0
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(c) True, because g(x) =|x|is continuous = g(f(x)) =| f(x)| is continuous (it is the composite of
continuous functions).

-1, x<0 .. . .
(d) False; for example let f(x) = { : 0 = f(x) is discontinuous at x = 0. However | f(x)|=11is
,X>
continuous at x = 0.
. L2 . D(x-1)
Show lim f(x)= lim =L = [im (x+—=—2,x¢—1.
x—-1 f( ) x——1 ¥ x—-1 (x+D)
x2-1
. . = x#-1 -

Define the continuous extension of f(x) as F(x) = { TR . We now prove the limit of /(x) as x — —1

—2,x=-1

exists and has the correct value.
2l __ (DD
Stepl.";T (2)‘<e:> € <D
Step 2: [x—(-D)kd=>-0<x+1<d=>-0-1<x<o-1.
Then—-0—-1=—--1=>0=¢c,or0—-1=ec—1= 0 =e.Choose d =¢. Then 0 < |x—(-1)|<
x2-1
-(-2)

x+1

+2<e=m>——€e<(x-D+2<e,x#-1=>-—c-l<x<e-1.

=

<e= lim F(x)=-2. Since the conditions of the continuity test are met by F(x), then f(x) has
x—-1
a continuous extension to F'(x) at x =—1.

. 203 g (x=3)(x+)
Show lim g(x :11mwzhm(x—:2,x¢3.
X3 &) xo3 26 3 203

x*=2x-3 3
Define the continuous extension of g(x) as G(x) = { 2x-6 ° . We now prove the limit of g(x) asx — 3

s x=3
exists and has the correct value.
(x=3)(x+1)

2(x-3)
Step 2: [x—3|<d=>-0<x-3<d=>3-I<x<O+3.
Then,3-90=3-2e = 0 =2¢,0ord+3=3+2¢ = 0 =2¢. Choose 0 =2¢. Then0< |x—3|< 0

2_ 9y . — 1
x~—2x 3—2<6311m (x=3)(x+1)
2x-6 S T2G03)

continuously extended to G(x) at x = 3.

2
Stepl:‘%—2‘<e:>—e< —2<e= <2< x#3=3-2e<x<3+2e

= = 2. Since the conditions of the continuity test hold for G(x), g(x) can be

(a) Lete >0 be given. If x is rational, then f(x) = x =| f(x)—-0|=|x-0l< e & |x—0|<¢; i.e., choose O =¢.
Then|x—0]< d = | f(x)— 0| < e for x rational. If x is irrational, then f(x)=0=|f(x)-0|<e &< 0<e
which is true no matter how close irrational x is to 0, so again we can choose d = e. In either case, given
€ >0 there isa o =€ >0 such that 0 <|x—0| < d = | f(x) — 0| < e. Therefore, f'is continuous at x = 0.

(b) Choose x = ¢ > 0. Then within any interval (¢ — J, ¢ + 0) there are both rational and irrational numbers. If ¢
is rational, pick € = % No matter how small we choose ¢ > 0 there is an irrational number x in
(c=0,c+0)=|f(x)= f(c)|=|0—c|=c>% =e Thatis, fis not continuous at any rational ¢ > 0. On the
other hand, suppose c is irrational = f(¢) = 0. Again pick € = % No matter how small we choose ¢ >0
there is a rational number x in (¢ —J, ¢+ ) with|x —c| <%= PR % <x <3—26. Then | f(x)— f(c)|=|x—0]
=|x|> % =¢ = f'is not continuous at any irrational ¢ > 0.

<l

If x = ¢ < 0, repeat the argument picking € = 5= _70 Therefore ffails to be continuous at any nonzero

value x = c.

(a) Letc= % be a rational number in [0, 1] reduced to lowest terms = f(¢) = i Pick e = ﬁ No matter
how small ¢ > 0 is taken, there is an irrational number x in the interval (¢ —3J, c+0) = | f(x)— f(¢)|

_1
n

=‘o_%

> i =e. Therefore fis discontinuous at x = ¢, a rational number.
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(b) Now suppose c is an irrational number = f(c) = 0. Let € > 0 be given. Notice that% is the only rational
number reduced to lowest terms with denominator 2 and belonging to [0, 1]; % and % the only rationals with
denominator 3 belonging to [0, 1]' L and 3 with denominator 4 in [0, 1]' 1 % 3 and i with denominator 5

in [0, 1]; etc. In general, choose N so that v <€=> there exist only finitely many ratlonals in[0, 1] having

denominator < N, say #,7,...,7,. Letd =min {|c—7[:i=1,..., p}. Then the interval (c - &, ¢ + )

contains no rational numbers with denominator < N. Thus, 0 <|x—c|<d = | f(x)- f(c)|=|f(x)-0|=

| f(x)|= # < e = fis continuous at x = ¢ irrational.
(c) The graph looks like the markings on a typical

y
ruler when the points (x, f(x)) on the graph of 1
f(x) are connected to the x-axis with vertical
lines.
0.8
0.6
0.41
0.2
— X
0 0.2 0.4 0.6 0.8 1

Fx) = 1 / n if x'=m/n is a rational number in lowest terms
if x is irrational

Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the zero
point, 0, on the equator = 0+ 7R represents the midnight point (at the same exact time). Suppose x; is a point
on the equator “just after” noon = x; + 7R is simultaneously “just after” midnight. It seems reasonable that the

temperature 7 at a point just after noon is hotter than it would be at the diametrically opposite point just after

midnight: That is, T'(x;) —T'(x; + 7R) > 0. At exactly the same moment in time pick x, to be a point just before
midnight = x, + 7R is just before noon. Then T'(x, ) — T (x, + 7#R) < 0. Assuming the temperature function 7 is

continuous along the equator (which is reasonable), the Intermediate Value Theorem says there is a point ¢

between 0 (noon) and 7R (simultaneously midnight) such that 7'(c) - T'(c + ZzR) = 0; i.e., there is always a pair

of antipodal points on the earth’s equator where the temperatures are the same.

2 2
lim f(x)g(x)= lim 2 [(f () +g(0))” = (f (x) - g(x)) ] {(ig(f (X)+g(X))) —()}L}mc f (X)—g(X))j }

=i<32 - =2.

9 050y 2y
Atx= _1:a2m1 r(a)= a_>m1+ a(l 1(1\7%) _ a“j‘il a(_l:a\/m) = —1:1/5 =
() Atx=0: lim (o) = lim =05 < fim (2=l ) (2 ) i SO0 i e
= al;n&_ —1+:/E = oo (because the denominator is always negative); al;ng r_(a)
lim = —oo (because the denominator is always positive).

- a—0t —1+\/1+a

Therefore, lim r_(a) does not exist.
a—0

Atx=—1: lim r(a)= lim =Z=V*a_ gy

a—-1" a—-1" a a—-1* _1"'\/@
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(c)
r (a)
r,(a) -
1 1 1
- r_(a)=.__—+a
0.8 ry(a) = &a_ 2 a
a
0.6
a
a -1 2 4
-1 -0.5 0.5 1 2
Graph not to scale
-4
d f(x)
(d) 40
f(x) a=0.2
a=0.1 a=0.5
1 a=0.05
20
a=1
X
-1 .5 1
J x
-50 -30
=ax’4+2x -1
fEy=ax+ f@) =ax*+2x -1
-20

20. f(x)=x+2cos x= f(0)=0+2 cos 0=2>0and f(-7)=—-7+2 cos(—7) =—n—2<0.Since f(x) is
continuous on [—7, 0], by the Intermediate Value Theorem, f(x) must take on every value between [—-7 -2, 2].
Thus there is some number ¢ in [-7, 0] such that f(c) =0; i.e., ¢ is a solution to x+2 cos x =0.

21. (a) The function fis bounded on D if f(x) =2 M and f(x) < N for all x in D. This means M < f(x) < N for
all x in D. Choose B to be max {|M|, |N|}. Then| f(x)|< B. On the other hand, if | f(x)| < B, then
-BL f(x)£B= f(x)=2—-Band f(x) < B= f(x) is bounded on D with N = B an upper bound and
M =—B alower bound.
(b) Assume f(x) <N for all x and that L > N. Let ¢ = L= Since lim f(x)=L there is a & > 0 such that

2 x—)xo
0<|x=xg|<d=|f()-Ll<eo L-e< f(x)<Lt+ee L-LN < f(x) <L+ LN o LEN < f(x)
<3LT_N.ButL>N :>¥>N = N < f(x) contrary to the boundedness assumption f(x) < N. This

contradiction proves L < N.
(¢) Assume M < f(x) for all x and that L < M. Lete =%.As in part (b), 0 <|x—xg|<d = L—%

<f(x)<L+%<:>3[‘%M<f(x)<%<M, a contradiction.

22. (a) Ifazb, thena—b>0=>|a-b|=a—b= max {a,by=2tb 4l _athazb_da_g

2 2 T2 T2
Ifa<b, thena—b<0=>|a—b|=—(a—b)=b-a = max {a,b} =22+ W _atb  boa - 3b _y,
. -b
(b) Letmin {a, by = <2101
23 lim = sin(l—cos x) — i sin(l-cos x) 1—cos x _l+cos x T sin(l-cos x) ;. 1—cos? x
T 50 x 0 l—cosx X I+cos x |5 l-cosx 7 g x(l+cos x)
1. lim sin®x  _ lim Sinx , _sin x :1,(g):0
y—soX(I+cos x) (5 x  l+cos x 2 ’
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Chapter 2 Limits and Continuity

sinx _ i sinx. VY x _ . jiy lim Jx=1-1.0=0.
w0t sinVx o pr ¥ sin Vx Vx x—>0+(513[) x—0*

. sin(sin x . sin(sin x sin(sin x
lim ( )th ( ) smx_l ( ) 1msmx_11_1
X sin x X r—0 Sinx Ty

x—0 x—0

lim S0 piy SO0 gy i ST g gy =11 =1
x—0 X x—0 X"+x x—0 x"+tx  x—0

Jim S0C°=4) _ iy SNCEA) oy im sin(x” ~4) lim(r+2)=1-4=4

sy X2 i) xi-4 0 x*-4

sm(\/— -3) _ - lim sm(\/— 3 1 _ lim sm(\/— -3) lim 1 —1. _1

1_1
T a0 i3 i a9 x3 o3 606

x—>9

Since the highest power of x in the numerator is 1 more than the highest power of x in the denominator, there is

: _2642x3 _ 5, __3 . =
an oblique asymptote. y = Ton 2x NETR thus the oblique asymptote is y = 2.x.

Asx—)ioo,%%O:sin( )—>O:>1+sm( )%1thusasx—>ioo,y x+xsm(1)= (1+sm(1))%x;thus

the oblique asymptote is y = x.

Asx — oo, ¥ +l—x? = Vx2 +1 —>\/x2;asx—)—°<>,\/x2 = —x, and asx—>+oo,\/x2 = x; thus the oblique
asymptotes are y = x and y = —x.

Asx%ioo,x+2—>x:>\/x2+2x=«/x(x+2)—>\/x2; asx—)—oo,\/x2 =—x, andasx—>+oo,\/x2 =x;

asymptotes are y = x and y = —x.

Assume 1<a<b and L+x=-L- = a(x-b)+x’(x—b)=x= f(x)=a(x-b)+x*(x—b)—x=0; f is

continuous for all x-values and f(0)=-ab<0, f(a+b)=a’+(a+b)’a—(a+b)

=a2—a+(a+b)2a—b>0.
-

G (+)
Thus, by the Intermediate Value Theorem there is at least one number ¢, 0<c<a+b, sothat f(c)=0=

1

alc-b)+c*(c-b)-c=0=2+c=-L

Natbxot _asl' oo [T 120 =1, then lim Yol Jlrbxel _ (b0l

a) lim s ,
@) r—0 X 0 v X b+l x50 x(N1+bx+1)
= lim =b=-02=p=4
x—0 \/1+bx+1
(b) lim fan(ar—a)+h=2 _ "tan0+h=2" _ "b= =2" 50 hb—2=0=b=2, then lim fan(@=a) _ iy g.anabel)
x—1 x-l 0 0 o1 Xl x—1 a(x-1)

1 a 'sina(x—l)
- )lcinﬂ cosa(x-1)  a(x-1) cosO 1=a=3

3_1 . (x1/6)4_14 _ (xl/ﬁ_l)(x1/6+1)((xl/6)2+1) - lim _(x1/6+1)(x1/3+1) _ —(2)(2) _ -4

lim = lim = lim =
N R e e O L B e (e E D DI SN R EE i 303
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Px+d-x-4 .. (3x+4)-x—4
T— lim ~———~———

\3x+4\—\x\—4= lim Gx+4-(=0-4
X

36. lim

=2; assume x> _73 = lim
x—0*

x—0" * x—0" x—0"
‘3x+4‘—‘x‘—4

- X
x—0

lim 4X=4= lim does not exist.

x—0" ¥ x—0

37. (a) Domain= {0 1, 1 7 3, ‘1‘,...}

(b) Consider any open interval (a, b) containing ¢ =0. Choose a positive integer N so that -~ v < b. Then

x= % is in the domain and in the interval (a, b).

() lim f(x)=0

38. (a) Domain= {0 1, 4 7 3, }‘,...}

(b) Consider any open interval (a, b) containing ¢ =0. Choose a positive integer N so that -~ v < b. Then

X = % is in the domain and in the interval (a, b).

(©) lir% f(x)=0

39. (a) Domain
a e Bl e B e B 2 B k- -
(b) Consider any open interval (a, b) containing ¢ =0. Choose a positive integer N so that W <b. Then

x= # is in the domain and in the interval (a, b).

© lim £(x)=0

40. (a)
y x=V2
"
1
4 1l
Lo s = 2
P\ x—V2
2 1\
1 \
- See
I [ I R R
py— 2 4
\\; |
LV
(W
4!
¥

(b) Let £>0 be given. Find § >0 so thatif 0< |x| <0 and x is in the domain of g, then <E.

At
+I‘ f‘x‘ i .

No

—mindle L IS RPN S B P 1 P
Choose 5—m1n{2€,ﬁ} sothatﬁ<x<\/§, ﬁ<‘x x/z‘<\/_,and

(¢) lim g(x)= 2= 2(0) so g is continuous at x =0.
x—0

2

(d) Function g is continuous at every point of its domain.
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